Dynamical Entanglement Transfer

Andrzej Veitia

Unwversity of Miama



I. INTRODUCTION

Consider the Hilbert Space

H=Hi®Hp

A pure state |¢) € H is entangled if it cannot be written as |¢) = [¢4) ® |op).
Example:

hy_ L
V7 = 510 1)+ (1) [0))

[f the state of the total system AB is represented by a density matrix p. Then p is
entangled if it cannot be written as

p = ZpkpA,k ® ppxr with p. >0 and Zpk = 1.
P k

Peres Hodorecki criterion:  For 2 X 2 and 2 X 3, p is entangled if and only if the
partial transpose of p is negative.



Consider two systems Ay and A, interacting with a third system B.

;33 ____________ ‘5 X
o
e 'Y

We assume that there is no direct coupling between A; and A,.

H = Z G1ipA1 e @ By + Z G2 A2 ) @ Doy
k k

Then |
[Bl,k? BQ,Z] =0=0U= €_ZHt = Ul : UQ



In general
p — UpU!

We assume that initially systems A and B are uncorrelated .i.e.
p = ps Pp.

In addition, let the state p4 be separable. Tracing out the degrees of freedom of B
one obtains the reduced density matrix

p” = Trp(Upa @ psU").

p” is in general, a mixed state

PB = Z AB \¢B,k> <¢B,k\
k

one can express the reduced density matrix as
PA = Z Ai,kpAAi,kT
ik

A, ; are called Kraus operators and are given by the matrix elements:



Ai =/ Api (Ppi| Uldpy) -

These operators satisfy the relation ZikAi7kAi,kT = I, which guarantees that
Tr(p?) = 1. It turns out that if all the operators acting on Hp commute, i.c.

[Bl,]ﬂ Bl,k’] - [BQJ, BQ,Z’] =0

the state p? will remain separable. It is clear that in this case the state p? will be
separable because it can be written as a convex sum of products of density operators

pl = ij,kpAl,jk ® pa, i with ij,k = 1.
Jik Jik

Some amount of non-commutativity is required!|




II. QUBIT-QUBIT INTERACTIONS

Suppose that the "background” B system is known to be in the state
1

’¢B> - ‘¢_> - \/§

and A is in the separable state |0, 0).

Hy = g0,k @ 04 for k=12

Then
cos(g) 0 0  —isin(g)
ignwo,_ | 0 cos(g) —isin(g) 0
¢ N 0  —isin(g) cos(g) 0

—isin(g) 0 0 cos(g)



cos?(g1)cos?(gz) 0 0 —1sin(2g1)sin(2g2)

A 0 cos?(g1)sin®(g2) 7sin(2g1)sin(2g2) 0
0 1sin(2g1)sin(2g2) sin®(g1)cos?(g2) 0
—1sin(2g; )sin(2g») 0 0 sin®(g)sin®(g2)

which is separable because it is invariant under partial transposition + g; — —g;.
HOWEVER

If the state of the composite system A ;B is initially |0, 0), then it will evolve under
the action of U; into

|¢) = cos(g)|0,0) —isin(g) [1,1)

which is entangled for all the values of ”g” such that cos(g) # 0 or sin(g) # 0.



Ulz

e_iglo_:Al ®O_:Bl —

cos?(2g;)+cos?(2gs)

0
0
0

Another Example

Hy, = 9kO0Ak - OBk

e ' 0 0 0
0  e“cos(2g;) —iesin(2¢g;) O
0 —iesin(2g;) e“cos(2g9;) O

0 0 0 e '
0 0

sin’(2¢s) —e 29a-92)gin(2g, )sin(2g,)
—e2(@0-92)5in(2g, )sin(2gs) sin®(2¢,)

0 0

o O OO



For matrices of the form

P11 0O 0 O
pA _ 0 paz pa3 0
0 po3 pss 0
0O 0 0O P44
The negative eigenvalue is given by
L 2 2
Aneg(9192) = §(P11 + P44 — \/(Pll + paa)? + 4(|pas]® — p11paa))

and it has the following series expansion in g; and gs.

, . 8 112 16 , ,

Aneg(G15 92) = =447 95 — g(gi‘gi + g195) + E(Q?QS + gigs) — 591‘92 +0(g")

Notice that the first contribution to the negativity of the partial transposed density
matrix comes from fourth order in the power series expansion.



III. ENTANGLEMENT FROM FOCK SPACE STATES
The reduced density matrix reads
(al p* @) = Trp(pp (¢a| UT|d) (a| U ¢4))

Assume that system A is in the separable state ¢4 = [0, 0).

In the basis {|a;) = 10,0),|as) = |0,1),|az) = |1,0),|as) = |1,1)} for H4 one has
the reduced density matrix:

KKK 'K (K KN, TK) (N KKK (N KN, TK,)
P (KK Ko 'No) (K KN, 'No) (N KK 'No) (NG KGN, NG
KN KKy (K NN 'Ky) (NN K, K) (NN N, TK)
KN KNy (K TN N, N (N TN KGN, (N TN N, TN

(B) = Tr(psB)



Let us assume that the Hamiltonian describing the interaction between the qubit
and system B is of the form H = H; + H, with

_(O0F .

[F1, o] = [F1, '] = [F,7, Fy] = 0

If we assume

then |
U= UlUQ, Ul = G_ZHit.

Now, one can write the operators K; and N; in terms of F,, F,'

= (0| U; |0) = zoo: ﬂt%(ﬁm)k — cos(\/F,'F;t)

£ (2k)!
- F,'F;t)
1 t%“ﬂ? F.F, g SnVEFit)
= (1| U; [0) = Z % J(FF,)* = —iF, —=
k=0 7 1



A. Transformations

Let |¢a) = [1,1)
1,1) = 0, ® 0, |0,0).

Now, the reduced density matrix

(a| p*|d') = Trp(pp (ai| 0iU}o, ® 0l Uko, |a) (a| 01U 0, ® 01Us0, |a1))

0 F
! B k
o, Ho, = (]F;J 0 ) .

These simple observations lead us to the conclusion that if initially system A was
known to be in the state |as) = |1,1) € Ha, ® Ha, then density matrix is given by

where |a) = 0, ® 0, |a).

par 0 0 py

A 0 ps33 p32 0
U) = SO

P (|a4>7 ) 0 piy pas O

pia 0 0 pi

where the matrix elements p;; are determined replacing IF; by F," and vice versa.



The previous discussion can be summarized as
p*(Jas) , UFR)) = Vp(lar) , U(F})V'

where
V =0,® 0, = |a1) (as] + |ay) {a1] + |az) {as| + |as) {(as]

is the unitary transformation corresponding to the basis permutation (1,2,3,4) —
(4,3,2,1). Similarly, one can write

p*(las) , U(Fy, Fy)) = Vp(Jai) , U(F,, Fy)) VT
with V =1 ® o,.

Clearly, the entanglement transferred to system A;A, depends on its initial state



IV. SERIES EXPANSION

_(O0F .
HZ(FZ O), Z—(l,z)

Consider operators changing the number of particles in the system, that is:

2
F = {a;,a; + a;r., a?a} + aia} .

then
pii 0 0 puy

A _ 0 P22 P23 0
0 pos p3z 0
Pa 0 0 puy

Series expansion for the eigenvalues of p'

The state p? will be entangled if one of the following expressions is positive

nay = t*(| (F1'Fa) |” — (F,'F,F,'F,))
niy = t'(| (F,'Fo') | — (F,'F) (F,'Fy))



For the particular case in which the operators IF; are linear combinations of creation
and annihilation operators we have

[Fi7 F;f] = C for (Z = 1, 2),

where ¢; is a c-number. In this case one can show that n.3 and ny, are negative if
either ¢; < 0 or ¢y < 0. For example if c; < 0 then making use of Schwarz inequality
one has

Ny = t4(‘ <F1T]F2T> |2 — <F1T]F1> <F2]F2T> -+ Cy <F1TF1>) S Cgt4 <F1TF1> S 0
Analogously, for ny; we have
To3 = t4<’ <]F1]L]F2> ’2 — <(IF1T]F2><F1TF2>T> —+ Co <]F1]L]F1>) S 62t4 <F1TF1> S O

where we used the operator identity (AAT) > | (A) |2



V. EXAMPLES

JC Model

Hi = Z gi’k<0'_|_azk + O'_CLkT)
k

00 01
o, = (1 O) and o_ = <O O)

() - ()

and represents the excited state of the atom. If we denote by |k) the mode created by
al then introducing the state |¢;) = 3, —2%— |k) one can rewrite the Hamiltonian

H; = gi(4a(¢y) +0-a'(6)) = g, (a(gm QT(O@))

with g; = />, 974

with

as



Let
F; = gia(¢)
[]Fla ]F2] =0, []Fiv IFZ'T] = 91'27 [Fla FQT] = 0192 <¢1‘¢2>

Assume

<¢1‘¢2> =0

A. System with N bosons

Consider N bosons occupying the same state ¢g, i.e.

1
V' N!

[®5) = —=(al(¢x))" 0)

(F,'Fy) = 9.9 (alas) = g1gaN (p]d1) (do]d5)
(F,'F\F,y'Fy) = gig; (alaiabas) = gigaN(N — )| (¢1| o) || (0ol d) |-



nay = Ngigot'| (d1]¢p) |

| (@2ldm) > > 0
Ny = —N29192t4! (d1]¢s) |

“[{2lon) | < 0.

B. Mixed States

Let us now consider the special case in which pp represents a statistical mixture of
states of the form |N) = F(aT( op))" |0), that is:

pe =Y py|N)(N| with Y py=1
N=0 N=0

Nog = 9192t4|U1’ ‘U2| ZPNN ZPNN

which implies that p# will be nonseparable for probablhty distributions py satisfying

) pxN) > pyN(N -



[t is interesting to notice that the above condition implies that the probability must
be sub-poissonian!. That is:

N > N2 —(N)?= o}

An example is the binomial distribution

M
PN = (N)pN(l—p)MN (for N=0,1,...M)

For a state with binomial distribution one obtains
Nog = gfg§t4]u1]2\u2\2Mp > ().

where u; = (¢;|dp).
If |¢4) = [1,1) then the entanglement of A; Ay will be determine by ns3 with the

operators F; being replaced by F,". As expected, in this case we obtain a separable
state.

1
|(F\ ") [P — (FyF FoFs') = —g?gs N (Jus |” + Jua|® — |ug||us|* + N) < 0.



C. vacuum

Let F; = gi(aa(e:) + B*al (i) with (d1]@2) = (¢h11hs) = 0, then
[Fy, Fyl] =0

In addition, if we assume that (¢ |1s) = {(Pa]1h1), then [Fy,Fy] = 0.

(NIFIFL|N) = gigaaB((t1|62) + N((12ld) (dplo1) + (il dn) (0nl62)))
(NIFF|N) = g2(181 + N(la[{&ilds) [ + 18P (il ) [*))

If system B is in the vacuum state |¢pp) = |0), then setting N = 0 in the above
equations one obtains

nu = 6195t |81 (|al’] (¥ilg2) P — |6]°)
indicating that the system A;Aj is entangled for 0 < |3] < ||| (11]p2) |.



VI. EXACT CALCULATIONS

One Boson and |¢4) = |0, 0)

pi1 = 1 —sin*(git)] (¢1|dp) |* — sin®(gat)| (2|dn) |7 po2 = sin®(got)| (po|d) |
pss = sin’(git)| (1| o) | pas = 0.

The only non vanishing off diagonal element of the matrix is

pas = sin(git) sin(gat) (@|é1) (P2|@n)
Always Entangled!

N(p™) =/ (pn)? + 4 pasl> = p1 < 1.
The maximum value of the negativity N” = 1 is achieved when sin(g,t) = sin(got) = 1

and | (¢1|¢p) | = [(@2|d5)| = \/LQ



One Boson and |¢4) = |1, 1)

pu = cos2(git) cos®(got) + |y |* cos®(got)(cos®(V2g1t) — cos?(git))
+ || COSQ(g1t>(COSQ(\/§ggt) — cos*(gst))
p11 = sin?(git) sin®(got) — |ur|? sin?(gat)(cos?(V2git) — cos?(git))
— |uy|? sin2(glt)(c082(\@gzt) — cos’(got))
P32 = gt cos(V/2gst) cos(vV2g1t) sin(git) sin(got)
€

In the case g1 = go = g and |ui| = [uo| = .

V2gt =< nm, gt ~ (2m + 1)% — 2m+1) = nV2

pt = ) (Y]
Notice that!

5v2 =707, 12v/2=16.97, 292 =41.01
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FIG. 1: Negativity for [¢4) = |1,1). The maximum value for the negativity in this case is N/ = 0.98



N

n

N bosons

N —n
) (7 o a0 = = s st

Fii(n,m) = cos’(v/ngit) cos’(v/mgst)  Fys(n,m) = sin’*(v/ngit) cos®(v/mgst)
“(Vngit)sin®(ymgst)  Fuy(n,m) = sin’(v/ngit) sin’(v/mgat)

F23(n, m)

— cos(v/ngit)

n m

N —1 N—-—1—n
( ) ( )\ulr%ruzr%—\uﬁ—ruw”m1F23<n,m>

sin(v/n + 1g;t) sin(v/m + 1gst)
Vi1 olvmet— e
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FIG. 3: Negativity vs. Time for N=2
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FIG. 4: Negativity vs. Time for N=3
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FIG. 5: Negativity vs. Time for N=8
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VII. WHERE DOES THE ENTANGLEMENT COME FROM?

Entanglement = quantum correlation between two subsystems

’CDB> - a’TB ‘O> = U ‘17 07 O> + Uy ‘07 17 O> + ur ’07 07 1>

In the occupation number representation, the state of 1 particle looks like an
entangled state
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