Aspects of TM(SU)GRA

work with G. Gibbons and C. Pope

ArXive:08.07.2613

Why 3D7 Which model?
Aspects of 3D chiral gravity

General supersymmetric solution of topologically
massive supergravity

Attempt to establish the positivity of the energy



Why 3D? Which (SU)GRA model?

e Highly challenging problems in 4D quan-
tum gravity, forbiddingly difficult to solve
at this time.

Look for lower dimensional GR where
important features of 4D gravity exist

in @ much simpler setting.

e 2D: There are BHs but no propagating
graviton. Thus we need to look at 3D.

e 3D: [+ /—gR: No BH, no propagating
graviton

e 3D: [/—g(R —2A\): Has BH (A < 0),
but no propagating graviton



e 3D: [+ /—gR + Iog: Has propagating
graviton but no BH.

I(JS:ftI’(R/\w—I—%w/\w/\w)

w = w(e) via the vanishing torsion.

o 3D: f\/—g(R— 2/\) -+ Iog
Has BH and propagating graviton!

In the absence of matter fields, all higher
derivative terms can be removed by field

redefinition to yield this action (

If TMG dual to a boundary CFT, can
it be solved exactly such that no string
theory completion is necessary? Or will
string theory be needed one way or an-
other?



Linearized excitations around AdS3, with stan-
dard Brown-Henneaux boundary conditions:

e Central charge at the boundary CFT
(N = —1/02):

3 U 3 ,u)
°L 2G< e) - CL 2G< Ty

Positive central charge requires uf > 1.

e Linearized excitations around AdS3:

(272) ) (EO7S) — (27 _2) )
(uf+1,2) SO(2,2) labels used.
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A dilemma:

e Sign of G as above gives positive BH
mass but negative graviton mass.

o Letting G — —G, gives positive graviton
mass but negative BH mass.

“the correct wrong sign” which Deser
and collaborators have used for a long
time.



Li, Song & Strominger proposal:

Consider the chiral point defined by: |uf =1

Then the wave function of the unwanted
state coincides with that of (Eg,s) = (2,2)

state, which can be gauged away!

called chiral gravity.

Qlw

Also: cr, =0 yCR —

Desirable to solve the problem encountered
by Witten & Maloney in physical interpreta-
tion of the partition function of the theory
without the CS term.




Trouble:

e Carlip, Deser, Waldron & Wise get neg-
ative energy states even at the chiral

point.

e Grumiller & Johansson
clarified this by exhibiting a negative en-
ergy logarithmic mode, relaxed Brown-
Henneaux boundary conditions consis-
tent with AdS3 asymptotics.

New state has definite spin s = 2 but
not energy eigenstate, leading to a |0g-
arithmic CFT. Thus problems with in-
stability in the bulk, and non-chirality in
the CFT dual.



e A challenging open problem. A consis-

tent truncation to a CFT needs to be
shown. Another hope lies in a better

understanding of nonlinear equations.

A non-perturbative positive energy the-
orem would do nicely!

e Preliminary results (work in progress) show

that the supergravity version has the same
dilemmas the bosonic theory has.

e It may be necessary to embed the model
in string theory.



The model ( Deser & Kay, 1983; Deser, 1984):

el = R— 2eMPap, Dy (w),

—|—2m2 - m@u’?'u Yiby
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e Overall factor 1/167G is set to one.

e Definition:RF = P D, (w)v,



Supersymmetry:

oey, = ey

Why is there no u dependence in susy trans-
formations?

[01, 6219 = —%EMuma” (Rp + SmAypoy”) + -+

The missing 1~ 1C, term can be added freely
since vPC, = 0.



Field equations:

g,ul/ + M_l C,uy =0
RF + Smyt e, + 3p~t CF =0

where
— 1 2
g,uy — R,uz/ — §gWR — M guv
CcH = 'Y'OV'LWDVR,O — eHvP (Rpa — %9p0R> SRk

Cotton tensor and “Cottino” vector spinor.



The general supersymmetric solution:
e [ he vector
Kt=eyte =  KMK,=0
since V(a3 7“7)5 = 0.
e Killing spinor equation
Dye — %fy,ue =0
= KV, Ky +VuK;, =0

Thus, K* is a null Killing vector.



The integrability condition for D,e = 0:

glu]/’yye — O
EX — glu,]/ KV — O

E’pr = GMVpKV gpo' — O

The last two egs exhaust all the content of
the integrability condition.



Using the existence of the null Killing vec-
tor helps us in parameterizing the metric ac-
cordingly.

We then solve the field equation, and show
that all the integrability conditions are sat-
isfied.

The final result:

12 £ 1 ds?® = dp? + 2e?P dudv + e(l_'““)pf(u) du?

p=1: ds®=dp? + 2e%’ dudv + p f(u) du?

p=—1:ds?=dp>+ 2e?’dudv + pe?? f(u) du?




e In terms of z = e the y = 41 solutions
have logarithmic singularities.

e For f(u) = 0 solution has N = 2, while
for f(u) #% 0 it has N = 1 supersymme-
try.

e Special cases found by:
— Dereli & Sarioglu , 2000
— Olmez, Sarioglu & Tekin, 2005
— Carlip, Deser, Waldron & Wise, 2008.



e Our supersymmetric solutions exhibit the
same number of local degrees of free-
dom for all values of the CS coupling
constant u, including the chiral values
pu = =1.

e However, our metric is written in terms
of coordinates on the Poincaré patch of
AdS3. Working in global coordinate sys-
tem in which the AdS3 metric is:

dr?
1472

ds?(AdS) = —(14r2)dr°+ +r2de?

we find that, no matter what choice we
make for f(w), our metric will contain

singularities at r = co when sin %(T-Hb)
or sin (7 — ¢) vanishes.



In all three cases, the Cotton tensor can
be written simply in terms of the Killing
vector K:

P2 # 1 Cu = 3u(l — p2) f(u) e~ BT K, K,
p=4+1: Cuw=fu)e *K,K,,
p=—-1: Cuw=f(u)e ?’K, K,

Thus conformally non-flat (hence inequiv-
alent to AdS3) whenever f(u) #= 0.



General solution with null Killing vector

More general class of solutions by only as-
suming a null Killing vector, without the fur-

ther property V, K, = —€uvp KP that follows
from susy?

We have found the general solutions:

12 £ 1 ds?® = dp? + 2e%’ dudv + e(IE1)p f(u) du?
u? =1: ds® = dp® + 2e?’ dudv + p f(u) du?

or ds® = dp® 4 2e?P dudv + pe?P f(u) du’

Either supersymmetric as they stand, or su-
persymmetric if the opposite sign choice for
the parameter p in theory were taken.



Kerr-Schild form and vanishing quantum
corrections

We find that all the solutions we have con-
structed can be written in Kerr-Schild form:

Juv — guu(AdS) + s(u, p) Ky Ky
where the function s(u, p) is given by
s(u, p) = h(u,p) e **

The metric g, (AdS) is just the AdS3 metric
on the Poincaré patch, written in the form

ds?(AdS) = dp® + 2e2P du dv



A consequence of the Kerr-Schild form:

Our supersymmetric solutions will still solve
the quantum corrected equations, possibly

with a shifted value for the Chern-Simons
coupling constant u, since there will always

result at least one factor of K, K" which
vanishes assuming that:

Ther.h.s. in the EOM is replaced by symm.

conserved tensor constructed from a finite
number of polynomial terms, each of which

IS a monomial in the Riemann tensor and its
covariant derivatives.

See:
“Metrics with vanishing quantum corrections” .



Positivity of the Energy?

Let us try Witten's approach, using Killing
Spinors.

e [ake the supercurrent for local super-
symmetry to be:

JH(e1) = Vu(er vH"P p)

e Using its variation, define the quantity:

X

/Z Ser JH(e1)dE

- /Z V(€1 P Vpea)dx



e After some algebra, find:

X = /Z (ﬁygl YRR @péz-l-%gu”bgﬂyéz) d>

e [Is X related to the energy? Consider

a ‘‘deformed” metric that satisfies the
Einstein equations

g,u,]/ — 87TG T'U,y

and that is close to a ‘“vacuum’ back-
ground metric satisfying G, = 0. The

vacuum is assumed to admlt a Killing
spinor ¢, so Ve = 0 in the background.



Taking e1 = ex = € in the expression for
X, evaluated in the deformed metric, we
see that the first term is quadratically small

since Ve itself is linearly small. Thus for
a sufficiently small deformation, X can be
taken to be given by

X = 4nG /Z Ty K dsH

Indeed, Abbot-Deser style energy formula.



The standard way of proceeding is now to
impose on the spinor field e the Witten con-
dition:

’yivie =0

where te hindex ¢ labels quantities in the
surface >. Subject to the Witten condition,
the first term in X is negative semi-definite,
as desired. However, the second term is
problematic. Using the EOM we have

1
8T

E[K] > /Z O HeY ds,

However, because C " is 3rd order in deriva-
tives of the metric, it will in general have no
definite sign.



Thus:

Our Witten identity is incapable of providing
an answer to the question of whether exci-
tations around an AdS3 background must
always have positive energy.

An important open problem:

Relaxing the condition of solutions ‘close
to a background metric satisfying G,,, = 0",

try to revamp the Nester-Witten energy for-
mula to prove a positive energy theorem.

Ultimate problem:

Find the solution space of the theory and
solve the theory exactly.



