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Introduction: Motivation

Motivation:

3-dim superconformal field theories are of interest in

M-theory: M2-branes, AdS4/CFT3, 3d mirror symmetry, microscopic
degrees of freedom, etc

condensed matter: phase transitions, quantum Hall effect, etc

mathematics: integrability, ’vertex operators’, etc

Symmetry properties are important both for applications and for our
understanding of these theories.

Question: Consider BLG/ABJM

Can we find any new symmetries or algebraic structures in these theories?
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Content: M2 branes with 8 or 6 supersymmetries

We will first
review the N = 8 superconformal theory (N = 2, k = 1, 2):
BLG [Bagger, Lambert], [Gustavsson]

discuss the gauging of its global symmetries
[Gran,N]
and how to analyse it in the light-cone gauge
[N]

and then

review the more recent N = 6 version (any N, k): ABJM
[Aharony, Bergman, Jafferis, Maldacena]
[Benna,Klebanov,Klose,Smedbäck]

and introduce an infinite dimensional symmetry structure related
to generalized Jordan triple systems
[N,Palmkvist]
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3-dim N = 8 superconformal field theory : field content

Field content of BLG: (M2 branes in 11d)

scalars Xi
a

spinors ψa

vector gauge potential Ãµa
b = Aµcd f cda

b

i: SO(8) R-symmetry vector index,
ψa has a hidden R-symmetry spinor index,
a: three-algebra index related to [Ta,Tb,Tc] = f abc

dTd

conformal dimensions (deduced from their kinetic terms):
-1/2 for Xi

a

-1 for ψa

-1 for Ãµ ("kinetic term" = Chern-Simons term)
[Schwarz]
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b = Aµcd f cda

b

i: SO(8) R-symmetry vector index,
ψa has a hidden R-symmetry spinor index,
a: three-algebra index related to [Ta,Tb,Tc] = f abc

dTd

conformal dimensions (deduced from their kinetic terms):
-1/2 for Xi

a

-1 for ψa
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3-dim N = 8 superconformal field theory: Lagrangian

The BLG Lagrangian is

L = − 1
2(DµXia)(DµXi

a) + i
2Ψ̄aγµDµΨa + i

4Ψ̄bΓijXi
cXj

dΨa f abcd

−V + 1
2ε
µνλ
(
f abcdAµab∂νAλcd + 2

3 f cda
g f efgbAµabAνcdAλef

)
,

where Dµ = ∂µ + Ãµ and the potential is

V = 1
12(Xi

aXj
bXk

c f abcd)(Xi
eXj

f Xk
g f efg

d) .

this assumes a Euclidean metric on the three-algebra => f [abcd]

the gauge theory is Chern-Simons with a split gauge group

can have (quantized) non-trivial level k on orbifolds
(but k > 2 unclear): Large k = weak coupling
[Lambert,Tong][Distler,Mukhi,Papageorgakis,Van Raamsdonk]

no other free parameters!
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BLG transformation rules

The BLG transformation rules for (global) N = 8 supersymmetry are

δXa
i = iεΓiΨa,

δΨa = D̃µXi
aγ
µΓiε− 1

6 Xi
b Xj

c Xk
d Γijkε f bcd

a.

Imposing supersymmetry on the (Cov.der.)2 terms in δL implies

δÃµa
b = iε̄γµΓiXi

cψd f cda
b

and the fundamental identity

f abc
g f efg

d = 3f ef [a
g f bc]g

d ,

with alternative but equivalent form [Gran, N, Petersson]

f [abc
g f e]fg

d = 0 .

one finite dim. realization, A4, with split SO(4) gauge symmetry
(with levels (k,−k)) [Papadopoulos][Gauntlett,Gutowski]
∞ dim’al case: Nambu bracket, SDiff (M3) (volume preserving)
[Bandos,Townsend], and Witt algebra [Curtright, Fairlie, Zachos]
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BLG: more properties

parity: interchanges the two gauge fields for
SO(4) = SU(2)× SU(2) with levels (k,−k)

BLG describes two M2 branes; attempts to find a similar theory
for N > 2 M2 branes have used

degenerate metrics with no Lagrangian (any Lie group possible),
and not totally antisymmetric structure constants
[Gran, N,Petersson]
if the scalar in the degenerate direction is frozen it can be
obtained from a Lagrangian
Lagrangian exists also if a Lorentzian metric is used but may be
just D2 branes in disguise [Sen, Verlinde, Schwarz, ...]

The field equations for the Chern-Simons gauge field is

F̃µνb
a + εµνρ(Xi

c∂
ρXi

d + i
2Ψ̄cγ

ρΨd)f cdb
a = 0

i.e. not dynamical. In the light-cone gauge one can even solve
for the gauge field!
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3-dim N = 8 superconformal gravity

Can the global symmetries of the BLG theory be gauged?
If yes, can it be done without adding new degrees of freedom?

Off-shell field content of 3-dim. N = 8 conformal supergravity :

eµα [0], χi
µ [−1/2], Bij

µ [−1], bijkl [−1], ρijk [−3/2], cijkl [−2],

([scaling dimension])[Howe,Izquierdo,Papadopoulos,Townsend]
Lagrangian consists of three Chern-Simons-like terms ([Gran,N])
(compare N = 1 [Deser,Kay(1983)], any N [Lindström,Roček] )

L = 1
2ε
µνρTrα(ω̃µ∂ν ω̃ρ + 2

3 ω̃µω̃ν ω̃ρ)

−ie−1εαµν(D̃µχ̄νγβγαD̃ρχσ)εβρσ

−εµνρTri(Bµ∂νBρ +
2
3

BµBνBρ),

supercovariant spin connection: ω̃µαβ(eµα, χi
µ)

CS terms are of 3rd, 2nd and 1st order in derivatives, respectively
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Symmetries of 3-dim N = 8 superconformal gravity

3-dim diff’s and local SO(8) R-symmetry

local N = 8 supersymmetry (f ν is the spin 3/2 field strength)

δeµα = iε̄(x)γαχµ, δχµ = D̃µε(x),

δBij
µ = − i

2 ε̄(x)Γijγνγµf ν ,

local scale invariance

δ∆eµα = −φ(x)eµα, δ∆χµ = − 1
2φ(x)χµ, (1)

δ∆Bij
µ = 0,

and local N = 8 superconformal symmetry

δSeµα = 0, δSχµ = γµη(x),

δSBij
µ = i

2 η̄(x)Γijχµ.
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Symmetries of 3-dim N = 8 superconformal gravity: Fierz

A proof a la Deser-Kay requires some nice Fierzing!

Typical expressions that arise multiplying each other are
the supercovariant dual spin connection

δω̃∗αµ = −2i(ε̄γµfα − 1
2 eµαε̄γν f ν)

and the triple dual of the Riemann tensor

R̃∗∗∗µ = iχ̄νγµf ν

giving the Fierz basis (Gran’s GAMMA is useful)

(−) (ε̄χµ)(f̄ν fρ)εµνρ = 0,
(−) (ε̄χα)(f̄ βγαfβ) = 0,
(1) (ε̄χα)(f̄αγβfβ),
(2) (ε̄γαχα)(f̄ βfβ),
(3) ....
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Topologically gauged BLG theory

This supergravity theory has no propagating degrees of freedom!

clear in the light-cone gauge: all non-zero field components (plus
∂+ on them) can be solved for [N]

coupling it to BLG will hence not alter the basic physics of BLG
(e.g. as a theory for M2-branes)=> "topologically gauged BLG"

couplings have been checked to order (Cov.der.)3 and
(Cov.der.)2 [Gran,N]

parity: a problem

a new level k ([Horne,Witten])

Many questions concerning interpretation:

AdS/CFT (compare [Liu,Tseytlin] for AdS5/CFT4)

curved M2’s, topologically twisted BLG [Lee,Lee,Park],
quantization (compare [Polyakov],[Brink,Di Vecchia,Howe])
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Topologically gauged BLG theory: details

The Lagrangian: (possibly up to some fermionic interaction terms)

Ltop
BLG =

1
2
εµνρTrα(ω̃µ∂ν ω̃ρ +

2
3
ω̃µω̃ν ω̃ρ)

−εµνρTri(Bµ∂νBρ +
2
3

BµBνBρ)− ie−1εαµνεβρσ(D̃µχ̄νγβγαD̃ρχσ)

+e(− 1
2 gµνD̃µXiaD̃νXia + i

2Ψ̄aγαeαµD̃µΨa + LYukawa − V) + LCS(A)

+ 1√
2
ieχ̄µΓiγνγµΨa(D̃νXia − i

2
√

2
χ̄νΓiΨa)

+ 1
6
√

2
ieχ̄µγµΓijkΨa(Xi

bXj
cXk

d)f abcd

− i
4ε
µνρχ̄µΓijχν(Xi

aD̃ρXj
a) + i√

2
f̄ µΓiγµΨaXi

a

− e
16 X2R̃ + i

16 X2 f̄ µχµ
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Topologically gauged BLG theory: details

The transformation rules are

δeµα = i
√

2ε̄γαχµ ,

δχµ =
√

2D̃µε,

δBij
µ = − i√

2
ε̄Γijγνγµf ν − i

2Ψ̄aγµΓ[iεXj]
a

− i
2
√

2
χ̄µΓk[iXj]

a Xk
a − i

16Ψ̄aΓkΓijγµXk
a,

δXa
i = iεΓiΨa,

δΨa = (D̃µXi
a − 1√

2
χ̄µΓiΨa)γµΓiε− 1

6 Xi
bXj

cXk
dΓijkεf bcd

a,

δÃµa
b = iε̄γµΓiXi

cΨdf cda
b − i√

2
χ̄µΓijXi

cXj
df cda

b.
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BLG on the light-cone: components

N = 4 SYM in 3d can be proven perturbatively finite using the
light-cone gauge [Brink,N,Lindgren],[Mandelstam]
Can this be done for BLG/ABJM theories?

The light-cone BLG [N]: bosonic sector with A− = 0

L = 1
2 XI

A(−2∂−∂+ + ∂2)XI
A − XI

AÃAB
+ ∂−XI

B + XI
AÃAB∂XI

B

+ 1
2 XI

A(Ã2)ABXI
B − AAB

+ ∂−ÃAB − V

=> the other two components of Aµ can be integrated out
adding the fermions, also half the spinor field can be integrated
out by using the matrix (H = XXδ)

MAB
CD =

 0 δCD
AB 0

δCD
AB HAB

CD −iδC
[AΨ(−)

B]

0 iδ[C
A ΨD](−) i

√
2δC

A∂−

 ,

which is defined from L = 1
2A†MA + A†J and

A = (∂−AAB
+ ÃAB, Ψ(+)

A ),
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N = 4 SYM in 3d can be proven perturbatively finite using the
light-cone gauge [Brink,N,Lindgren],[Mandelstam]
Can this be done for BLG/ABJM theories?

The light-cone BLG [N]: bosonic sector with A− = 0

L = 1
2 XI

A(−2∂−∂+ + ∂2)XI
A − XI

AÃAB
+ ∂−XI

B + XI
AÃAB∂XI

B

+ 1
2 XI

A(Ã2)ABXI
B − AAB

+ ∂−ÃAB − V

=> the other two components of Aµ can be integrated out

adding the fermions, also half the spinor field can be integrated
out by using the matrix (H = XXδ)

MAB
CD =

 0 δCD
AB 0

δCD
AB HAB

CD −iδC
[AΨ(−)

B]

0 iδ[C
A ΨD](−) i

√
2δC

A∂−

 ,

which is defined from L = 1
2A†MA + A†J and

A = (∂−AAB
+ ÃAB, Ψ(+)

A ),
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AÃAB∂XI

B

+ 1
2 XI
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BLG on the light-cone: superspace

Light-cone superfield Φ(xµ, θm) with θ in 4 of SU(4)

dmdnΦ = 1
2εmnpqd̄pd̄qΦ̄

Φ|0 = 1
∂−

A, dmΦ|0 =
√

2 1
∂−
χm, dmdnΦ|0 = 2

√
2iCmn,

Superspace Lagrangian (surpressing the three-algebra indices)

L2 = A2Ā + 1
4 Cmn2C̄mn − i√

2
χ̄m 2

∂−
χm

= −2−7
∫

d4θd4θ̄(Φ
2

∂2
−

Φ̄)

interaction terms are more complicated (six-point not done yet)

should work the same way for ABJM but possibly more close to
4d N = 4 SYM.
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3-dim N = 6 superconformal field theory: ABJM basics

How to describe stacks with more than two M2’s?

More than two M2-branes seems to require less susy than N = 8

ABJM: N = 6, any k and gauge group U(N)× U(N) or
SU(N)× SU(N) (and some other possible choices)

scalar fields now complex ZA: in bifundamental, A an SU(4)
fund. index (after breaking the R-symmetry to SU(4)× U(1))

supersymmetry parameters are εAB in a 6 of SU(4)
the ABJM version uses no three-algebra f symbols,

but f can be reinstated [Bagger,Lambert]: then the f ’s are only
antisymmetric separately in the first and second pair of indices

U(2)× U(2) BLG requires ’t Hooft (vortex) operators (k = 1, 2)
[Klebanov,Klose,Murugan],[Borokhov,Kapustin,Wu], also for
N > 2?
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3-dim N = 6 superconformal field theory: ABJM AdS/CFT

ABJM describes stacks of N M2-branes on R8/Zk orbifolds

dual to AdS4 × S7/Zk with N units of flux
k large = weak coupling: k→∞ gives Hopf fibration to IIA:
[ABJM],[Ooguri,Park]

round S7 → N = 6 on CP3 [Pope,Warner]
squashed S7 → N = 1 on CP3 with 2-flux [N,Pope]

RG and squashed, stretched and warped [Warner]
[Ahn,Ray][Klebanov,Klose, Murugan]
S7 → N = 2, SU(2) vacuum of [Corrado,Pilch,Warner]
Round to squashed S7: no RG
[Campos,Ferretti,Larsson,Martelli,N]

taking N →∞ gives planar limit:

’t Hooft parameter
√
λ =

√
N
k = R2

l2s
small λ: perturbative gauge theory limit
large λ: gravity limit
magnon dispersion: h(λ) non-trivial (cuts)
[Minahan,Zarembo],[Gromow,Vieira]
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3-dim N = 6 superconformal field theory: more structure

It is natural to use [N,Palmkvist]

f ab
cd

(ZA
a )∗ = Za

A

Then

L = − 1
2(DµZA

a )(DµZ̄a
A) + i

2Ψ̄AaγµDµΨAa

− i
2 f ab

cdΨ̄AdΨAaZB
b Z̄c

B + if ab
cdΨ̄AaΨBbZB

c Z̄d
A

− i
4εABCDf ab

cdΨ̄AcΨBdZC
a ZD

b − i
4ε

ABCDf ab
cdΨ̄AaΨBbZ̄c

CZ̄d
B

−V + 1
2ε
µνλ(f ab

cdAd
µb∂νAc

λa + 2
3 f bd

gcf gf
aeAa

µbAc
νdAe

λf ) ,

and the fundamental identity

f e[a
dcf b]d

gh = f ab
d[gf ed

h]c .
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The generalized Jordan triple structure

the index properties suggest a connection to generalized Jordan
triple systems [N,Palmkvist]

examples of triple systems (finite gradings) :
Jordan, Kantor, Freudenthal

triple systems may be based on a graded involution τ mapping
between g1 and g−1 in some n-graded Lie algebra:

(abc) = [[a, τ(b)], c]

all triple systems obey:

(ab(xyz))− (xy(abz)) = ((abx)yz)± (x(bay)z)

with
minus sign=>the generalized Jordan identity,
plus sign=> Freudenthal (5-graded only)

plus additional relations if the Lie algebra is finite dimensional.
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The connection to generalized Jordan triple systems (GJTS)

GJTS:

f̂ a
b

c
d are structure constants of the triple system

ABJM/BL :

f ab
cd have two antisymmetric pairs of indices:

imposing this property on the triple systems =>

generalized Jordan identity = fundamental identity

no additional relations

=> the whole Lie algebra is infinitely graded
(the BLG/ABJM gauge symmetry is here in g0)

could be either Kac-Moody or Borcherds-like
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Summary

We have discussed

local symmetries of BLG: topologically gauged BLG

infinite dimensional Lie algebra structures in ABJM/BLG: GJTS

light-cone methods to understand physical content and
superspace

Future goals: to better understand 3-dim superconformal field theories

ABJM -> BLG symmetry enhancement, ’t Hooft vortex (or
monopole) operators, quantization, integrability, mirror
symmetry, etc

applications: M-theory, condensed matter

THANKS FOR YOUR ATTENTION!
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