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THINGS WE TAKE FOR GRANTED IN QUANTUM MECHANICS.....

1) The Hamiltonian must be Hermitian
2) The momentum operator must be Hermitian
3) In the |z, p| = th commutator the momentum operator can always be represented by p = —ih%.

4) States such as energy eigenstates must form a complete set

(1)

(2)

(3)

(4)

(5) To be complete states must be normalizable

(6) The scalar product must be given as (m|n) = d,,,,

(7) The completeness relation must be given by ¥ |n)(n| =1

(8) Theories in which (n|n) is negative are unphysical and cannot be formulated in Hilbert space
(9)

9) The Hamiltonian must be diagonalizable

..... AIN'T NECESSARILY SO

AND FOR THEORIES BASED ON FOURTH-ORDER DERIVATIVES....
ALL THESE THINGS ARE NECESSARILY NOT SO.,......

AND CAN ENABLE FOURTH-ORDER DERIVATIVE CONFORMAL GRAVITY TO
BE A CONSISTENT THEORY OF QUANTUM GRAVITY IN FOUR SPACETIME
DIMENSIONS



EVEN IF NON-NORMALIZABLE, STATES CAN STILL BE COMPLETE
Completeness of non-normalizable modes
Philip D. Mannheim and Ionel Simbotin

J. Phys. A 39, 13783 (2006). (hep-th/0607090)
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Reconstruction of the square step V;(jw|) =1, 1 < |w| < 2, V; = 0 otherwise via sum V;(|w|) =
Zai(]g(jie*“"') on CONVERGENT NORMALIZABLE modes with basis states which obey
J1(7:) = 0.
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Reconstruction of the square step Vy(lw|) = 1, 1 < |w| < 2, V4 = 0 otherwise via sum
Vv (Jw]) = £ a;Ys(y;e7 ") on DIVERGENT NON-NORMALIZABLE modes with basis states
which obey Y(y;) = 0.

| T T T T T T T 11 I I
- A -
2 o _
=
1_ —
o H
L 1 L 1 L 1 L 1 L 1 1
0.0 0.2 0.4 0.6 0.8 1.0 0.1 0.2 0.3 0.4
-W
e

CONCLUSION: All that matters is LINEAR relation: ¥(w) = %, a; fm(w).
No need to require BILINEAR relation 5, f,,(w') f,(w) = 24"§(w — w').

IMPLICATION: H|y) = E|¢) is linear. No reference to (¢|¢)). Thus left eigenvector which
obeys (L|H = (L|F need not be conjugate of right eigenvector which obeys H|R) = E|R).
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THE QUANTUM GRAVITY UNITARITY PROBLEM

In four spacetime dimensions invariance under
2a(x)

G () (7)

gW(x) — €

leads to a unique gravitational action
1
Ty = —ay | d5(=g)2Cu OV = —20, [ dbe(—g) 2[R Ry — (R, (9

where Qg 1S dimensionless and

1

1 a
C)\/H/H — R)\,uzm + 6R a [g)\yg/m — g)\/ﬁguy] — § [g)\z/R,u/@' — g)\/ﬁR/w _ g/wR)\/@' + g/mR)\z/] (9)

is the conformal Weyl tensor. The associated gravitational equations of motion are the
fourth-order derivative:

Aoy [ZCW\M;A;/{ - CMMRM] =T (10)

Conformal gravity is thus a renormalizable theory of gravity since ¢, is dimensionless. More-
over, conformal gravity controls the cosmological constant. Specifically, in a Robertson-
Walker cosmology we have C*F = (), to yield

T =, (11)

so unlike the double-well Higgs potential, conformal gravity knows where the zero of energy
is. However, since the field equations are fourth-order derivative equations, the theory is
thought to have negative norm ghost states and not be unitary.
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To illustrate the issues involved, consider the typical second- plus fourth-order derivative
theory:

= ; [ 4 [0,0,60"0" 6 — M0,60"4) 12)
(07 — V*)(0} — V* 4+ MA)o(z,t) =0 (13)

(4) B 1 B 1 1 B 1
D) = k2(k2 — M?)  M? (k2 — M? k?) (14

Does the relative minus sign in propagator mean ghost states with negative norm and loss
of unitarity, since anticipate that one can write the propagator as

on(@)Y(T) (T, (2
F-E, E-E, (15)

D(z, 7', F) =%
and the completeness relation as

> [n)(n| =X [m){m| = 1. (16)



PAIS-UHLENBECK OSCILLATOR
Oz, 1) ~ 2(D)e* T w = (B + M)V wy = |K]

d4Z 9 9 dQZ 2 9
ﬂ + (w1 + CUQ)ﬁ + WiwWoz = 0

Ipy = ; [t — (w2 + wd)32 + wiwds?]

p; T2 N .2 7 2 22
Hpy ="+ p.x+ = (wi +wi)z” — twijwsz®, x =2

z,prl =14, |z,p| =1

z = a1+aJ{+a2+a£,

P, = ivwiwd(ar — a]) + iywiws(as — al),

|

v = —iwi(a] — aj) — iwslag — ab),

pr = —ywilay + a]) — ywd(as + ad)
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(19)

(20)

(21)

(22)



Hpy = 2y(w] — wd)(wia]a) — wiadas) + (wi + wo)/2 (23)

i 1 i 1
al,aq| = . lag, ay| = — 24
[ 1 1} 2y (w%—w%) [ 2 2} 2%02@%_“)%) ( )
1
a1€)) = as|2) =0,  HpylQ) = §(w1 + w9)|€),
(Q]agad|Q) < 0, (25)

Negative norm state problem looks insurmountable, but.....
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QUANTUM MECHANICS IS A GLOBAL THEORY. NEED TO SUPPLY GLOBAL
INFORMATION. NEED TO LOOK AT WAVE FUNCTIONS. FIND THAT Hpy, 2, p.
ARE NOT HERMITIAN

. 0 . 0
[xapx} =1, Pr— _7’%7 [ZapZ] =1 P:= _7/% (26)
_ 8 2 | 8l 2
Yo(z, ) = exp [§(w1 + wo)wiwez” + IywiwezT — §(w1 + wo)x ] (27)

The states of negative norm are also states of INFINITE norm since [ dxdzy§(z, x)io(z, z) is

divergent, and when acting on such states, one CANNOT set p, = —i0/0z

i0 i 0 i0 il - 0
— = — , — — 28
2= g | UEE) = (), 2o iz p 29
p. and z not Hermitian — they are anti-Hermitian.
Yy = eﬂpzz/2ze_ﬂ'pzz/2 — —’I:Z, q= eﬂpzz/2p26_ﬂpzz/2 — sz (29)
P’ gl Y
H:%—iqx—FQ(wl +w2)a¢ +2w1w2y <4 H' p=p, (30)

Hermitian [z, p] =4, Hermitian [y,q] =4, non — Hermitian H (31)
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The Hamiltonian is not Hermitian — but it is PT symmetric,
and thus still has real eigenvalues. Bender and collaborators
showed that H = p*+iz” has a completely real energy spectrum.

C’=1, [C,PT]=0, [C,H]=0, C=¢c%P (32)
1 +
Q = alpg + ywiwiry], o= log (wl WQ) (33)
Ywiwz Wl — W9
2 2
e Q2g.Q2_P q Y22, 7 2 29 7
e e > + ] + HWIT + HW1w2Y (34)

Hamiltonian can be diagonalized by a similarity transforma-
tion which is non-unitary since () is Hermitian rather than
anti-Hermitian. Original Hamiltonian H is thus a Hermitian
Hamiltonian as written in a skew basis. The eigenstates of H
and H are not unitarily equivalent, and thus ....
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... THE NORM IS NOT THE DIRAC NORM

? 2
7 — —Q/QHQ/QZP q T 22 7 2 292 35
e e > + 2? + WiT + HWiway (35)
H|R) = Epl), H|n) = Epln), |n) = e9/%|n) (36)

AH = Epm|, (0] = #]e9?, (nle 9H = (n|e9E,  (37)

The energy eigenbra <n\e_Q = (n|PC" is not the Dirac conju-
gate of the energy eigenket |n), since (n|H' = (n|E, is not an
eigenvalue equation for H.

(M) = Oy, la)(n| =1, H =X|n)Ey(n) (38)
(nle™9lm) = 6, Sin)(nle™@ =1, H=Xn)En(nle”?  (39)
The e~ ¥ norm is positive and so theory is unitary. Since C? =1,
its eigenvalues are =1, with the relative plus and minus signs

in the fourth-order propagator being due to the fact that the
two poles have opposite signed eigenvalues of C'.
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1 NON-HERMITICITY AND UNITARITY

i SIRS(0) = HIRS(1), i (Rs(0)] = (Rs(0) (10)

Rs(t)) = e MIRs(0)), (Rs(0)] = (Rs(0)]e"" (41)

(Rs(0)|Rs(t)) = (Rs(0)|e™"e | R(0)) # (Rs(0)|Rs(0)) ~ NOT UNITARY (42)
(Rs(0)] 45| R (1)) = {Rs(0)e™ " Ase™ | s(0) (43)

An(t) = 't Age— ! (44)

OBTAIN i%AH(t) — Au(t)H — Hf An(t), i%AH(t) — Au(t)H — HAg(t) NEEDED (45)
S SIRS(0) = HIRS(0), iy (Ls(t)] = (Ls(o) (46)

Rs(t)) = e MRS(0)),  (Ls(0)] = {Ls(0)]e™ (47)

LEFT-EIGENVECTOR IS NOT DIRAC CONJUGATE OF RIGHT EIGENVECTOR

(Ls(t)|Rs(t)) = (Ls(0)|e™"e ™" Rs(0)) = (Ls(0)|Rs(0)) ~ UNITARY (48)

H' = e “He?, (R|H" = (R|E, (Rle"°H = (Rle “E,  (L|=(Rle? Y IRVLI =Y |R)(Rle?=1 (49)
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NON-DIAGONALIZABILITY AND UNITARITY
THE SINGULAR EQUAL-FREQUENCY LIMIT

In equal frequency limit the diagonalizing operator () becomes
singular and partial fraction decomposition of propagator be-
comes undefined.

v |
Yoz, y,t) = exp {—2(601 + wo) (2 + wiwoy?) — 7w1w2yfﬁ] exp(—tEpt),
Ey = (w1 +wy)/2 (50)

Y1(z,y,t) = (z+ woy)o(z, y, e ™, Ep = Ej+w
o(w,y,t) = (x4 wiy)bolz,y, t)e” 2" Fy= Ey+ wy (51)

Y

7720(337 Y, t) = €Xp {—%dng — 7W2yx — ’760372 — Wit , EO = W

(e, t) = (@ +wy)o(z,y, t)e ™ Ey=FEj+w (53)
TWO one-particle states have collapsed into ONE state.
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THE MISSING ENERGY EIGENSTATES....

1 (4?4 € 4w? — €

Hlp(E)—Qw( 62 4&)2—62)7 Wl =wW-+E€E wWr=w—E¢, (54)
2 +€) = (2”:6), 9% — €) = (2”_26) (55)

1 1) (4w 4 € dw? — € 2w+ € 0

(1 _

5 (Qw)( €’ 4w2—62)s_( 0 2w—e) (56)
B 1 (2w+e —(4w2—62)e) (57)

C 2ewl 22w+ €)1/21 e (2w + €)€”

I 1

Hlp(E—O)—Zw(O 1) (58)

Non-diagonalizable, Jordan-block matrix with TWO eigenval-
ues (\; = 1, Ay = 1 since Tr = 1, Det = 1), but only ONE
eigenvector.

o 1)la)-

ng)—(g), d=0 (59)
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. BECAME NONSTATIONARY

77&1@(3: Y t) = lim ¢2($,y,t) T wl(xayvt)

e—0 2e ,
= [(z + wy)it + y] Yoz, y, t)e ™! (60)
0 - 1 O? %, )
Zalﬁ(x, Y, t) — _%@ o xa—y + 7“121’2 + ;w4y2 ¢<£IT, Y, t) (61)

Stationary plus non-stationary together are complete since
just the right number of independent polynomial functions of
r and y.

0 . 8 . O - .
i,/ drdydp(z.y tpale,y,t) = — [drdy %5y iz, y, talz,y, b))
5 (62)
i ) dudy Vi, y, )z, y,t) =0 (63)

Norm preserved in time so time evolution is unitary.
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Conformal Supergravity in Twistor-String Theory

N. Berkovits and E. Witten
June 2004 (arXiv:hep-th/040605). JHEP 0408 (2004) 009

“The net effect is that the translation generator D acts as
P x
0 P
where P would represent ordinary translations and the off-diagonal * arises
from [D, 0p] # 0.
This matrix is not diagonalizable. This clashes with our usual experience.
We are accustomed to the idea that the translation generators are Hermitian

operators and so can be diagonalized. However, conformal supergravity is not

a unitary theory, and one symptom of this is that the translation generators
are undiagonalizable.”

Bender and Mannheim: Not so fast.
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WHAT IS SO SPECIAL ABOUT FOURTH-ORDER THEORIES TO CAUSE ALL THIS

Consider the Lehmann Representation for a scalar field. Assume translation invariance
and a bounded, real energy eigenspectrum with states of 4-momentum kj; with £y > 0. We
can set ¢(x) = e p(0)e %, Provisionally set = |n)(n| = 1. Then can show

(Q6()p(y)[2) = £ [(QASO)] kL) e " (64
Now introduce the spectral function
p(a*) = (2m)° = 8%k — 4,)|(2]d(0) k1) [*0(q0) (65)
and set )
50 d (o
(@O = f* dm*olm?) | G Shladle’ —m?)e D (66)
Thus finally obtain the Lehmann representation
(QT[D(x)p(y)]|Q) = [ dm*p(m?) Ay (x — y;m?) (67)

This relation holds for any interacting two-point function no matter what its equation of
motion, with it always being the FREE SECOND-ORDER Feynman propagator which
appears in the integral because the mass shell condition p*> = m? is always second-order.
The Lehmann representation thus holds in fourth-order theories also. However, for large k2
the second-order Feynman propagator behaves as 1/k*, whereas for fourth-order theories the
propagator behaves as 1/k*. Hence we have a contradiction if p(m?) is positive definite.
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Solution is that spectral function cannot be positive definite, and we cannot set = |n){(n| = 1.
Rather we must set =|n)(nle ¥ = 1 (and not = |n){n| — =|m){(m| = 1), and distinguish

)

between left and right momentum eigenvectors. Thus must use |R) and (L| = (R|e .
With this choice, the spectral function is replaced by
p(a?) = (2m)* 3 6 (kyy — qu) (e Yo (0)[&]) (ke “(0)|2)0(q0) (68)

Now there is no positivity requirement and we can cancel the 1/k* behavior without having
to give up unitarity. Since we still impose the reality of the momentum eigenvalues, the
Hamiltonian of the theory must be P71’ invariant rather than Hermitian. From the Lehmann
representation we thus conclude that the Hamiltonian of theories such as the fourth-order
Pais-Uhlenbeck oscillator cannot be Hermitian and must instead be PT invariant, just as we
had found directly.

THE REMARKABLE MORAL OF THE STORY

Consider ANY higher derivative theory in which the equation of motion is of the form
f(D)p = 0 where D = 9,0" and f(D) = za,D". Also require that all momentum
eigenvalues be real. In such a theory, at large k* the propagator will behave as 1/k*". Hence
there will be a contradiction with the Lehmann representation if we require the standard
> |n)(n| = 1. Rather, such theories must be PT theories rather than standard Hermitian
ones. Hence once we depart from second-order equations we are forced to PT-invariant, non-
Hermitian Hamiltonians. P7T-invariance is thus the general rule, and it is only a historical
accident (second-order theories were encountered first) that it was not discovered earlier.
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DYNAMICAL SYMMETRY BREAKING
AND THE COSMOLOGICAL CONSTANT PROBLEM

The zero-point energy and cosmological constant problems are two separate
problems. With dynamical symmetry breaking they solve each other.

The zero-point energy problem already exists in a free field theory, and as such is separate
from any cosmological constant term that might be induced by spontaneous symmetry break-
ing. The cosmological constant is associated with the minimum of the symmetry breaking
potential while the zero-point energy is associated with the fluctuations about it. Moreover,
the zero-point term and the cosmological constant term even transform differently under a
general coordinate transformation, the former possessing a fluid velocity and being maximally
3-symmetric, with the latter possessing no fluid velocity and being maximally 4-symmetric.
The zero-point fluctuation term is associated with a perfect matter fluid in which both p,,
and p,, are positive,~so that T, = (pm+pm)U, Uy +Dimg,,- While the cosmological constant
term is associated with a perfect fluid in which p = —p, — so that T),, = —Ag,,.

When the symmetry is broken dynamically by fermion condensates, it is the
fermionic zero-point fluctuations which cause the change in the vacuum in
the first place, to thus actually produce the cosmological constant. In this
case the zero-point and cosmological constant terms are not independent,
and are related in a way which allows each one to cancel the other, so that
both the zero-point and cosmological constant problems solve each other.

21



For a free quantum fermion ﬁeld, in a mode of the form

m

1/2 | .
=5 ol (] bt e+ s)olp e

the vacuum expectation value of T}, ~ 17,0, is due to the non-vanishing of

(Q]d(p, s)d!(p, 5)|2) = (Q|(d(p, s)d' (p, s) + d'(p, s)d(p, 5))|2),

to vield the zero-point fluctuation contribution

(QTwlQ) ~ =2/ ”“p” = (QTyo|) ~ —2/
p
2

33E

= (Q|T0[82) = <Q\Tyy|9> QT[S ~ —2/

(69)

(70)

(71)

and a perfect fluid form 7, = (pm + pm)U Uy + Dingyw where py, and pp, have the SAME
sign. That this is NOT a perfect fluid with p,,, = —p,, is because the averaging is only 3-
dimensional, i.e. for modes which obey the wave equation only the 3-momentum is averaged
over. Moreover, the velocity of the fluid U* is a timelike vector, and is allowed simply because

a Minkowski metric distinguishes between timelike and spacelike.

In flat space, for T),, ~ k,k,/E} one can also construct the total energy and momentum

as P, =1 dSﬂ?Tom to find that
By ~ by, P, =0,

22
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with there being no zero-point total momentum. However one can also evaluate

kik,

/dSZET%j ~ /dBI' Ek ~ 5@' (73)

to thus yield a zero-point quadrupole pressure tensor. Thus the absence of a zero-point total
momentum does not mean the absence of a zero-point pressure; and while such a term plays
no role in flat space it still couples to gravity in curved space.

To underscore the fact that the zero-point term is not the same as a cosmological constant
term, we note that for a free massless field where p#p, = 0, the energy-momentum tensor
is traceless and p,,, = 3p,,, something not possible for a cosmological constant term, since a
traceless Ag,,, would require A = 0.

A cosmological constant term is induced when the symmetry is broken and adds a term
of the form of 7, = —Ag,,. It yields a contribution to the trace of the form T = —4A,
with the zero-point energy and the cosmological constant terms thus being different. In the
presence of both the energy density is given by Tog = p,n + A.

When mass is generated dynamically in a four-Fermi theory, the mean field is produced by
zero-point fluctuations. The cosmological constant is thus induced by zero-point fluctuations
also and can thus be related to the zero-point energy. Since the trace of T}, is zero in a
conformal invariant theory, 3p,, — pm —4A = 0, and the zero-point and cosmological constant
terms cancel each other identically. Neither can be bigger or smaller than the other.
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FOUR-FERMI MEAN-FIELD THEORY IN TWO DIMENSIONS

In D = 2 the four-Fermi theory is defined via
L =iy — (g/QWy)?, iy 0 — glvdy = 0, (74)

v - v I/g n - n
™" = iwy"o"y — g" 5[1010]2, T, = iy 9, — glvy)* =0, (75)
with the energy-momentum tensor being traceless. In the mean-field approximation one looks for self-consistent,
translation invariant, states |.S) in which

(S[]S) =mfg, (S| —m/gl’|S) =0,  in Db —mip =0, (76)
2 2
(S|T™|S) = (S|iny" 0" | S) — gw”;—g, (S|T" |S) = m(S|P]S) — — = 0. (77)

with the mean-field approximation preserving tracelessness.

In a plane wave solution
W(x) = X [ d*p/(2m)2(m/ Ey) *[b(p, s)u(p, s)e™ " + d' (p, s)v(p, s)e™] (78)

we find that )
(Qipy"0"¢|Q) = =2 [ dpp''p” /(27 E,) (79)

due to zero-point fluctuations since

(QbbT1Q) = (Q(bb' + b'b)|€2). (80)
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CANCELLATION OF ZERO-POINT AND A IN TRACE OF 7,

Incoherently adding together modes with p* = (E,, p) and (E,, —p) gives
2 = T = = (py + P ) U*UY + p,g*
Ly p p/E, —p p°/E, 0 2p*/E, (P + Pm) Pmg
(81)

On setting m?/g = g[(S|¢Y|S)]? = A, we can thus set

(S|T*|S) = (pm + pm)U U 4+ prg"” — g"" A, (S|T",|S) = D — pm — 20 = 0. (82)

Thus 2A = p,, — pm, neither bigger nor smaller. The reason for this is that all of A, p,,
and p,, are determined in one the same state |S). For the case of a fundamental scalar
field ¢(x), A = A¢? is determined by the vacuum (location of the minimum of the Higgs
double-well potential), while p,,, and p,, are determined by whichever matter field frequency
modes are occupied. Hence one cannot relate A to p,, and p,, in standard cosmology with a
fundamental Higgs field, to thus give rise to the cosmological constant problem. If however
scalar field is a c-number Ginzburg-Landau condensate (S|i1)|S) then can relate relate A,
om and p,,, and even have them cancel each other.

Comparison test: If Higgs is a c-number condensate then will NOT be produced in
an accelerator such as the LHC, while if Higgs is fundamental then will be produced in an
accelerator.
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CANCELLATION OF ZERO-POINT AND A IN 7, ITSELF

In four spacetime dimensions invariance under

a(z)

Gur(x) — gy (2), (83)

leads to a unique gravitational action
1
Iy = —a, [ d'z(—g)"2C O = =20, [ d'x(—g)'* |R™ R, — §(11%&@)2 (84)

where o, is dimensionless and C'y,,,; is the conformal Weyl tensor. The associated gravita-
tional equations of motion are the fourth-order derivative:

4ay 20" — CPYER), ] = T (85)
and thus in cosmology where C . = 0, we obtain
T =0 (86)

Thus again get cancellation of zero-point and A terms in 7}, itself, but now need to include
zero-point fluctuations in gravitational field as well. While (S|[2C*" AM; e — CPYERYLLS)
vanishes in a classical cosmological background, quantum-mechanically there is a zero-point
fluctuation contribution. Using the gravitational zero-point fluctuations to cancel the matter
field zero-point fluctuations and A is only achievable in a renormalizable theory of gravity.
Hence works in conformal gravity but not in standard gravity.
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2 FOURTH ORDER UNITARITY PROBLEM

[ = % [ d'z|8,0,00"0" ¢ — M>0,60"¢|

(07 = V)0 = V* + M?)¢(z,t) =0

DW(k?) = !

1

1 1
K2(k2— M?2) M2 (k2 — M2 k2

ARtz —y) = i(QTo(x)d(y)])

5 ) ] = 1

plq*) = (2m)* 6% (kyy — q,) {21 B(0) [ K;) [0 (q0)

AP (@ —y) = [ dm? p(m*) A (z — y;m?)

D(a.#,E) - ¥ wnéx_wgw)
> [n)(n| =X |m)(m| =1

|

(87)

(88)

(89)

(90)

(91)

(92)

(93)

(94)

(95)



THE PAIS-UHLENBECK OSCILLATOR

(T, 1) ~ 2(1)e™ T, w = (K + M)V, wy = K|

d*z

2
d“z 5 9

(Wi W) wiwsz =0

dt?

dt?

Ipy = %/dt[? — (W] + w3)F* + wiws 2]

p; T2 N2 T 2 9 2 :
Hpy = %—sza:#—g(wl +w2)az T uiwpE, T =2
@, pe] =1, [z,ps] =7
2 = a1 +al +as+al, P, = iywiwi(a; — a]i) + iywiwy(ag — a%),
v = —iwi(ar —al) —iws(as — ab),  pr = —ywi(ar + al) — Ywi(as + ab)

Hpy = 29(w? — wd)(wlalay — wiabas
1
T — T —_ —
[ala al] 27&}1 (W% _ w%)) [a27 aQ]

1
ar|2) = as/) =0, Hpy|Q2) = (w1 +wn)|2), (Q]azab|Q) < 0,

a1]Q) = ab|Q) = 0, Hpy|Q) =
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1
§(w1 — wy)

! )+(w1+w2)/2

1
2yws (wi — w3)

€2), (Qabas|) >0
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SOLUTION: HAMILTONIAN NOT HERMITIAN - BUT IT IS PT SYMMETRIC

_ 9 0
Dz = oz P = 9

Yoz, x) = exp p(wl + Wo)wiwa2” + iYW wezT — %(wl + wg)x2]

2

) i0 i 0 10 . 16
2,0, =1, |7z, ————|Y(e2) = ("2
=3 22 w(e2) = in(es
Yy = 67szZ/2Z€_7TpZZ/2 _ —7;2, q= ewpzz/sze—szzﬂ _ sz
p’ Y2 2N 2,7 2 29
H:—Qv—iqw+§(w1+%)ﬂf "’5“1“2?/ ,  D=Dx

p,xl =i, g, yl=i

C?=1, [C,PT]=0, [C,H]=0, C=¢“P

1 w w
Q = a[pg + Ywiwizy], o= log ( L 2)
YWiwo W1 — W2

2 2
H = e Q2HeQ? = P + d + 1w2x2 + 1w2w2 2
oy T oyl T M1 T Y
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5 THE NORM IS NOT THE DIRAC NORM - IT IS THE PT NORM

H=e92He? = 5’? + 231% + %w%xQ + %w%w%gf (114)
H|n) = Ey|n), Hn) = E,[n), |n) = e??|n) (115)

(n|H = E, (0|, (n|= @]e?? (n|le ®H = (n|e “E, (116)
(A) = G S0 (0] =1, H = S [0)Buln (117)
(n|e”“|m) = pn, Xn: n)(nle @ =1, H= Xn: In)E,(n|e @ (118)
zn: in)(n|PC =1, H = %: in)E,(n|PC, C,==+1 (119)

(,yle™ ™2’ y) = S (2, y)Coe™ 'y (2, ) (120)
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NON-HERMITICITY AND UNITARITY

i Llas(t) = Hlos(t), i as(t)] = (as(t)|

dt dt
as(t) = e as(0)),  {as(t)] = (as(0)]™"
(as(t)]as(t)) = (as(0)]e™ e as(0)) # {as(0)]as(0))
(as(t)] As|as()) = {as(0)]e Ase™ M |as(0))

AH(t> _ ez’HTtAse—th

d d

i An(t) = An(t)H — H' Ay(t), 1o An(t) = An(t)H — HAn(t)
i los(t) = Hlas(t)),  —i' (as(t)] = (as(t)|H

las(t)) = e as(0)),  (as(t)] = (as(0)]e"™
(as(t)]as(t)) = (as(0)]e™'e™"|as(0)) = {as(0)|as(0))

(as(t)] = {ozg(t)\e_Q, H = ¢ @He?
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7 NON-DIAGONALIZABILITY AND UNITARITY- EQUAL-FREQUENCY LIMIT IS
SINGULAR

Yoz, y,t) = exp l—%(wl + wy) (2% + wiwsy?) — ’ywlwgya:] exp(—iEpt), Fy= (w1 +wsy)/2 (131)

(e, y,t) = (x + wy)o(, y, e, By = Ey+ wy
¢2($a Y, t) - (Z’ + leﬁbo(% Y, t>€_w}2t7 E2 — EO + W2 (132>

Y3(x,y,t) = {(aj + wyy)? — 1/2fyw1] oz, y, t)e 21 Es = By + 2w
Y, y,t) = [(z+wiy)(@ + way) — 17w +wo)] o(x, y, t)e 2 By = By +w + wp
Ys(x,y,t) = {(az +wy)? — 1/2fyw2] Yo(x,y,t)e 2 Es = Ey+ 2w, (133)

Yoz, y,t) = exp|—yw’y’ —ywlyr — ywar’ —iwt], Ey=w
(134)

1@1(%%’5) — (x+wy)77@0<xay7t>€_ima El — EO + w (135)

oz, y,t) = [(x +wy)? — 1/2%)} Uolz,y, e 2 Ey = By + 2w (136)
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THE MISSING ENERGY EIGENSTATES....

1 [4w? + €2 4w? — €

Hip(e) = 2w ( € 4w? — 62>

2 2w —
2w +€) = (w+e>7 ]2w—e>z( “ 6)
€ —€
S_1<i 4w? 4 €2 4w2—62)s_<2w+6 0 )
2w €2 4w? — € B 0 2w — €

1 2w+e —(4w? — 62)6>
C 2ewl/2(2w + €)1/2 € (2w +€)e* )’

1 (2w + €)e*  (dw* — 62)€>
C 2ew!/?(2w + €)1/2 —€ 2w+ €
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9

. BECAME NONSTATIONARY

W=w+e ww=w—¢€ €—0

7 1 ¢2($,y,t) B ¢1($73Jat)
¢1a(xayat) - 11_{% e

= [(x + wy)it + y] o(z, y, t)e ™

N RT ¢5($,y,t) - 7?3(%%75)
¢2a($7y7t) - (1{1_{% ¢

1 7 —2iwt
2’7W2‘| 1?0(% Y, t)e

1
((x + wy)? — —) 2it + 2wy + 2wy? —
2yw

lim 2¢4($, Y, t) - 1?3(% Y, t) - ¢5($, Y, t)

77b2b(x:y7t) - iy 262
1 1
_ 2 2 2 :
— [ <(w + wy) —2%) 2t <2xy + 2wy 2%02) 2it
1 1. .
o 2 —2iwt
Qy + 2%)3}1?0(% Y, t)e

0 - 1 0 0 292, 7 42\
— H= |- = e /
i ¥(2, 9, 1) ( 2ot oy TIUT T oW (T, y,1)

9, , . O 1+ .
za/dx dy Vg, y, )balz, y,t) = —/dx dyacﬁ—y [wfg(x,y,t)qm(x,y,t)]

g . A
Za/dx dwa(x7y7t)wA(xay7t) =0
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Conformal Supergravity in Twistor-String Theory
N. Berkovits and E. Witten
June 2004 (arXiv:hep-th/040605). JHEP 0408 (2004) 009
“The net effect is that the translation generator D acts as
0 p)
0 P

where P would represent ordinary translations and the off-diagonal * arises from [D, d;] # 0.

This matrix is not diagonalizable. This clashes with our usual experience. We are accustomed to the idea that
the translation generators are Hermitian operators and so can be diagonalized. However, conformal supergravity
is not a unitary theory, and one symptom of this is that the translation generators are undiagonalizable.”
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10 SHORTCOMINGS OF EINSTEIN GRAVITY

ds* = guda'ds”, g = g%, =6, (150)

1
FIIL/LO‘ — éguA [al/g)\(f + aag)\u - a)\guo] (151)

Azt dx¥ dx°

4+ A =0 152
ds? Y7 ds ds (152)
or or
A v A K A
R, = a;¢-+13mrﬁy-— a%i — 1)1, (153)
Ry =g"\R e R'Y=g""R,, (154)
Iy = d*z(—g)?R® 155
EH 167TG / e (155)
1 1
— % (R/ﬂ/ — éngR a) = T,uV (156)
Vo=p o= (157)

1

5}
4 f— [ —
Vie=p, o=—"+5r (158)
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11 CONFORMAL GRAVITY

uv — 62a(x)gw/’ C)\,uwa — 62@(:)3)0)\,“1/%
1 1
CMU/K — R)\w/l-ﬂ + 6R a [g)\l/g/m - g)\/{g/w] - 5 [g)\uRw{ - g)\/-ch/ - g,ul/R)\/{
Iy = —ay [ d'z(—g)"*CruwCM"" = —2a [ d'z(—g)"/? {R“”RW
darg W = T
v 1 v s v v v, v 1 v «Q
W = g (R)"y + Ry = Ry = R = 2RRY 4 9" Ras R —
2 » 2 1
4+ g(Raa>,u,u 4+ gRaaR,uV . éguy(Raa)2 _ QCMAVH,/\,H . C,u)\wiR)\KJ
| 23
—go=-—=1=—4nr
rr r
Y(R) = Spe B0 N* = 27%R2
2 * % 2 * k2
2, NﬁcR[(R) (R) (R) (R>] N*v*’R (R
= — |/ K — 1 K I
R or3 | QRO ! 2R0 amy) MRl T 2R, T aR,
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1
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v = 3.06 x 107Yem ™
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Figure 1: Some typical measured galactic rotation velocities
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Table 1: Characteristics of the eleven galaxy sample

Galaxy

DDO 154
DDO 170
NGC 1560
NGC 3109
UGC 2259
NGC 6503
NGC 2403
NGC 3198
NGC 2903
NGC 7331
NGC 2841

Distance
(Mpc)

3.80
12.01
3.00
1.70
9.80
5.94
3.25
9.36
6.40
14.90
9.50

Luminosity
(10°Lp,)

0.05
0.16
0.35
0.81
1.02
4.80
7.90
9.00
15.30
54.00
20.50

39

Ry
(kpc)

0.48
1.28
1.30
1.55
1.33
1.73
2.05
2.72
2.02
4.48
2.39

(U2/02R)1a5t
(1073%m™1)

1.51
1.63
2.70
1.98
3.85
2.14
3.31
2.67
4.86
5.01
7.25

(M/L)
(MQLE%)

0.71
5.36
2.01
0.01
3.62
3.00
1.76
4.78
3.15
3.03
8.26



12 STANDARD COSMOLOGY

dr?

ds® = —c*dt* + R*(t) Tt r’df* 4 rsin*0d¢’ (168)
— kr
R RR
H =" - 169
A
T,uz/ - (pM +pM>UuU1/ _|_ng,1“/ — Ag,ul/: PM = ﬁ (170)
R? + ke = R*[Qyr + Q4] (171)
RR n

q:—§:<§—1>QM—QA (172)

- 87TGpM - 8TtGA
thar = 3c2H?’ = 3cH?’ (173)

4

Qv py  T?
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13 CONFORMAL COSMOLOGY

= — [ d'a(—g) 518, — SR+ AS* 4 ity [0, + Ty — hS 9]

1
T;w - (pM ‘l_pM)U,uUl/ ‘l_ngw/ - 650 (R,uz/ -

C)\,Lu/fi — O, T/ﬂ/ =0

2

1 1
653 (R/w - _g,ul/Raa> - (pM "‘pM)UMUV +PMGuw — ngASg

2
3
G = —
f 47 SE
: o = _ RR n ~ ~
2 2 2 I L _
Rk =RQu+).  q=-"% (2 1)QM o
Q _87TGefpr 9 _87TGeffA @_ﬂ TV
M= 322 AT Taem? QM_pM_ T4
) N\ TR . T
Q — 1 max Q :——Q
e e o IR T )
0<) <1, —1<¢<0
c (14 2)? Q0 1/2
dy — — 1= |14 q—
- Hy  qo ( { & (1+2?)
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Figure 2: The gy = —0.37 conformal gravity fit (upper curve) and the Qy,(tg) = 0.3, Qa(t9) = 0.7 standard model fit (lower curve) to the z < 1
supernovae Hubble plot data.
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Figure 3: Hubble plot expectations for gy = —0.37 (highest curve) and gy = 0 (middle curve) conformal gravity and for Q,,(¢y) = 0.3, Qx(to) = 0.7
standard gravity (lowest curve).
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CONFORMAL GRAVITY CHALLENGES STRING THEORY -
UNITARITY OF FOURTH ORDER DERIVATIVE THEORIES
Philip D. Mannheim, Presentation at ICHEP-08, July 2008

GHOST PROBLEM AND UNITARITY

1. C. M. Bender and P. D. Mannheim, No-ghost theorem for the fourth-order derivative Pais-Uhlenbeck oscillator model,
June 2007 (0706.0207 [hep-th]). Phys. Rev. Lett. 100, 110402 (2008).

2. P. D. Mannheim, Conformal Gravity Challenges String Theory, Pascos-07, July 2007 (0707.2283 [hep-th]).

3. C. M. Bender and P. D. Mannheim, Giving up the ghost, October 2007 (0807.2607 [hep-th]). Jour. Phys. A 41, 304018
(2008)

4. C. M. Bender and P. D. Mannheim, Fzactly solvable PT-symmetric Hamiltonian having no Hermitian counterpart, April
2008 (0804.4190 [hep-th]). Phys. Rev. D 78, 025022 (2008).

PT QUANTUM MECHANICS

5. C. M. Bender, Making Sense of Non-Hermitian Hamiltonians, March 2007 (hep-th/070309). Rep. Prog. Phys. 70, 947
(2007).

PAIS-UHLENBECK FOURTH ORDER OSCILLATOR
6. P. D. Mannheim and A. Davidson, Fourth order theories without ghosts, January 2000 (hep-th/0001115).

7. P. D. Mannheim and A. Davidson, Dirac quantization of the Pais-Uhlenbeck fourth order oscillator, August 2004 (hep-
th/0408104). Phys. Rev. A 71, 042110 (2005).

8. P. D. Mannheim, Solution to the ghost problem in fourth order derivative theories, August 2006 (hep-th/0608154). Found.
Phys. 37, 532 (2007).

CONFORMAL GRAVITY AND THE COSMOLOGICAL CONSTANT PROBLEM

9. P. D. Mannheim, Alternatives to dark matter and dark energy, May 2005 (astro-ph/0505266). Progress in Particle and
Nuclear Physics 56, 340 (2006).

44



TWO BIG PROBLEMS:
COSMOLOGICAL CONSTANT and QUANTUM GRAVITY
SHOULD HAVE A COMMON SOLUTION

To solve them both at once need a theory of gravity with dimensionless
coupling constants and no fundamental mass scales. Then theory is renor-
malizable and there is no cosmological constant at the level of the
Lagrangian. To achieve impose invariance under local conformal transtor-

mations of the form
guv(z) — 2 Wgy, (2), (185)

as 1t leads to a unique gravitational action
Iy = _@g/d4x(_g)1/20AuumC>\MVH
1
— —2a, [d*z(—g)'/? |R" R, — ;

where g 1s dimensionless and Cy ,,,; is the conformal Weyl tensor. The asso-
ciated gravitational equations of motion are the fourth-order derivative:

Jog[2C1VR CPAWVER ) ] = T (187)

VA

(R4)° (186)
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In the theory G is induced dynamically (just like the weak interaction
G ), with this Gy only controlling local physics, and with the standard
solar system predictions remaining intact. Because of early universe phase
transitions an electroweak scale A is induced dynamically as the universe
cools. However, at the same time an effective global cosmological G.g is
also induced, with this G.g being found to naturally be altogether smaller
than G. In the theory the standard Q) = 87GynA/3cH? is replaced by
Qp = 871G g\ /3cH?, and one can prove a bound

0< Q) <1, —1<qp <0 (188)

no matter how big A might be. The contribution of A to cosmic evolution
is thus naturally tamed without any fine-tuning. In conformal grav-
ity then one does not need to quench A at all. Rather, one
quenches the amount by which A gravitates.
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Figure 4: The gy = —0.37 conformal gravity fit (upper curve) and the Qy,(tg) = 0.3, Qa(ty) = 0.7 standard model fit (lower curve) to the z < 1
supernovae Hubble plot data.
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Figure 5: Hubble plot expectations for gy = —0.37 (highest curve) and gy = 0 (middle curve) conformal gravity and for Q,,(ty) = 0.3, Qx(to) = 0.7
standard gravity (lowest curve).
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