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Abstract

We explore some aspects of an infinite momentum frame nonperturbative,
relativistic sum rule approach to the study of the ΔNγ electromagnetic inter-
action where we find that Wigner rotations play an important role and that
it may be plausible that neglect or improper usage of Wigner rotations could
have significant effects on the experimental and theoretical determination of
interaction observables.
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Introduction—Basic Theoretical and Experimental Problems

• The study of the ΔNγ transition form factors G∗M(q2) and G∗E(q2) and

G∗C(q2) associated with the Δ(1232) nucleon resonance isobar has engen-

dered much experimental and theoretical research for several decades.

• On the other hand—as the most studied nucleon resonance—the Δ(1232)

has proved to be very difficult in the determination of its physical properties

vis-á-vis its relation to the nucleon[1–16].

• Although similar to the nucleon in valence quark content, it has spin and

isospin of 3/2 and its interaction with other particles via form factors is

much more complex than that of the nucleon.

• The Δ(1232) is unstable, so measurement of physical observables and the-

oretical modeling is difficult.
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• Of special interest is the Δ(1232)–nucleon 4-vector electromagnetic current

matrix element (〈N | jμ |Δ〉) associated with the process Δ←→ N +γ∗ de-

scribed covariantly by the form factors G∗M(q2), G∗E(q2), and G∗C(q2), where

q2 is the photon 4-momentum transfer squared. This matrix element and

associated form factors is important in pion photoproduction and electro-

production (i.e. πN → Δ → πNγ or πN and γN → Δ → πN or

πNγ).

• In a perfect world with unbroken SUF (N) flavor symmetry, one expects

that G∗E(q2) = G∗C(q2) = 0 and that G∗M(q2) would exhibit the same q2

behavior as does the Sachs nucleon form factor GM thus giving rise to

pure magnetic dipole ΔNγ transitions. Instead, one unexpectedly finds

that, experimentally, G∗M decreases faster as a function of Q2 ≡ −q2 than

does GM , the ratio −G∗E/G∗M �= 0, and that G∗M possesses a complicated

behavior as a function of Q2.

• General field-theoretic equal time commutation relations (ET(CR)s) exist

from which sum rules may be generated which relate vector and axial-vector

currents among each other[17]. One can produce sum rules which relate

〈N | jμ |Δ〉 to nucleon matrix elements involving jμ (i.e. 〈N | jμ |N〉) and

the axial-vector current Aμ
π (i.e. 〈N |Aμ

π |N〉).
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• The possible existence of the nucleon weak axial-vector second class cur-

rent (SCC)[1] form factor gT (q2) present in the matrix element 〈p|Aμ
π+ |n〉

has also engendered some experimental and theoretical research for several

decades and it is clear that extant SCC effects may play some role in the

determination of a correct description of the matrix element 〈N | jμ |Δ〉,
much more research needs to be done in this area.

• At present—utilizing the Standard Model (SM) theoretical framework

which does not explicitly contain SCC currents—SCC effects can not

be ruled out definitively in many nuclear β-decay processes, neutrino

(antineutrino)-nucleon scattering reaction processes (including those in-

volving τ lepton production and τ decays), semi-leptonic hyperon β-decay

processes, neutrino oscillation phenomena, and the astrophysical implica-

tions of such oscillations.

• It is clearly possible that the inclusion of SCC effects normally neglected

in most experimental and theoretical studies in general and in pion photo-

production and electroproduction processes in particular, may aid in our

understanding of the basic underlying connecting physics principles respon-

sible for such processes.

4



• Another subject of high interest is associated with pion electroproduc-

tion processes where the relationship between the Δ → N + γ transi-

tion form factors and nucleon form factors—pertaining to leading-order

perturbative QCD (PQCD) predictions for the ratios REM ≡ E1+/M1+,

RSM ≡ S1+/M1+, and the photon helicity amplitudes A1/2 and A3/2 at

high momentum transfer—bears special scrutiny. Indeed, PQCD predicts

REM(q2)→ 1 and RSM(q2)→ constant but leaves open the question as

to the region of q2 where this behavior is manifested.

• Experimentally, however, the REM appears to be non-zero, small in mag-

nitude, and of the order of a few percent. Most analyses predict the

REM to be small and negative at small momentum transfer. The quantity

RSM ≡ S1+/M1+ ∝ G∗C/G∗M is also predicted to be non-zero, negative,

but larger in magnitude than REM . As pointed out by us [18], RSM is

equally important in investigations of Δ electroproduction processes.
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• A subject which we think deserves more attention in its application to the

study of ΔNγ interactions is the Wigner Rotation[19]. The reason is very

simple: Most often matrix elements describing observables of interest are

best constructed using the helicity basis or in terms of helicity amplitudes,

given the fact that helicity is invariant under Lorentz boosts along a par-

ticle’s direction of motion and under spatial rotations as well. Thus, a

sequence of arbitrary boosts applied to a massive particle with spin ini-

tially at rest which results in the particle being brought back to rest will

leave the particle rotated by a angle which is called the Wigner angle or

rotation. As a consequence transformations of matrix elements involving

particles from one frame to another will bring into play Wigner rotations

(specific to each particle described in the matrix element) which implies

helicity mixing. As many observables of interest are best written in terms

of specific helicity form factors (transverse one-half, longitudinal, etc.,

it is crucial that Wigner rotation effects are taken into account properly.

We note that while the calculation of a Wigner rotation is straight-forward

and a kinematic effect of geometric origin, in practice, it can be laborious

and difficult, particularly when multi-particle processes are involved.
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Introduction—Basic Theoretical Concepts and Methodology

Research Outline and Overview

• Use algebraic methods which incorporate Quantum Chromodynamic

(QCD) equal time commutation relations (ETCRs)and a nonperturba-

tive, relativistic sum rule approach in the infinite momentum frame where

G∗M(q2) and G∗E(q2) are calculated in terms of gT (q2) and the well-known

nucleon isovector Sachs form factor GV
M as input with no additional model

parameters[20].

• These methods generate algebraic sum rules consisting of covariant matrix

elements (and also gauge invariant for matrix elements involving the elec-

tromagnetic current) which can be used to study—nonperturbatively—a

wide variety of strong and electroweak processes important for the ad-

vancement of our knowledge of nuclear and elementary particle physics.
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• Contrary to popular belief in some physics circles, the use of current-algebra

techniques to solve difficult nonperturbative problems in nuclear and ele-

mentary particle physics continues to be timely, worthwhile, and extremely

effective.

• Why? General relativistic quantum field theory as expressed by people such

as Lehmann, Symanzik, Zimmermann, and Wightman (and many others)

is very much essential to our understanding of physics at its deepest most

fundamental level. Indeed, one hopes to construct models which impose

minimal physical restrictions, remain mathematically tractable, but yet

still allow one to make predictions amenable to experimental verification.

These considerations, taken together, result in the concepts of ETCRs and

the S matrix, which when examined in model Hilbert spaces ultimately

yield relations involving matrix elements of currents.
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The matrix elements of the weak axial-vector current between the proton and

the neutron [Eq. (1)], the virtual process p → p + γ [Eqs. (2) and (3)], and

the ΔNγ vertex [Eqs. (4) and (5)] are given by:

(2π)3
√√√√√Ep̃∗Ep̃

mmn
〈p(p̃, λ)|Aμ

π+(0) |n(p̃∗, λ∗)〉
= ūp(p̃, λ)

[
{gA(q̃2)γμ + igT (q̃2)σμνq̃ν + gp(q̃2)q̃μ}γ5

]
un(p̃∗, λ∗) ; (1)

(2π)3
√√√√√Ep̃∗Ep̃

m2 〈p(p̃, λ)| jμ(0) |p(p̃∗, λ∗)〉 = e ūp(p̃, λ) [Γμ] up(p̃∗, λ∗) , (2)

Γμ ≡ [1− q̃2/(4m2)]−1[(i/(4m2))GM(q̃2)εμ

(
P̃ q̃γ

)
γ5 + (1/(2m))GE(q̃2)P̃μ] ;

(3)

〈p(p, λ)| jμ(0)
∣∣∣Δ+(p∗, λ∗)

〉
=

e

(2π)3

√√√√√ mm∗

EpEΔ
ūp(p, λ) [Γμβ] uβ

Δ(p∗, λ∗) , (4)

Γμβ ≡ −i
3(m∗ + m)

2m
(G∗M − 3G∗E)(Q+Q−)−1m∗qβεμ(qpγ)

− 3(m∗ + m)
2m

(G∗M + G∗E)(Q+Q−)−1[2εβσ(p∗p)ε σ
μ (p∗p)γ5 − im∗qβεμ(qpγ)]

+
3(m∗ + m)

m
G∗C(Q+Q−)−1qβ[p · qqμ − q2pμ]γ5 ,

(5)
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• Here e2 = 4πα, α ≡ fine-structure constant, q ≡ p∗ − p, p∗ = (p∗0,�t )

and p = (p0, �s ) are the four-momenta of the Δ+ and nucleon respectively,

m∗ = Δ+ mass, m = proton mass ≈ neutron mass = mn, q̃ = p̃∗− p̃, p̃∗ =

(p̃∗0,�t ) and p = p̃ = (p̃0, �s ), p∗2 = m∗2, p̃ ∗
2

= m2, Q± ≡ (m∗±m)2−q2,

q̃2
± = [(m∗2 + m2)q2 + (m∗2 −m2)(±√Q+Q− − (m∗2 −m2))]/(2m∗2), λ

and λ∗ are particle helicities, Q̃+
± ≡ 4m2 − q̃2

±, and Q̃−± ≡ −q̃2
±.

• gA, gT , and gP are the nucleon axial-vector, induced pseudotensor, and

induced pseudoscalar form factors respectively. The kinematic singularity-

free ΔNγ transition form factors are G∗M(q2), G∗E(q2), and G∗C(q2) and the

first, second, and third terms in Eq.(5) induce transverse 1
2, transverse 3

2,

and longitudinal helicity transitions, respectively, in the rest frame of Δ.

• Under G-parity transformations, gA and gP are represented by first-class

currents (FCC) while gT is represented by SCC. In the SM, a non-zero gT

can only arise due to quark mass and charge differences and thus the ratio

gT/gA is thought to be very small or identically zero, even though SCC

pseudotensor and SCC scalar form factor data independent of CVC and

PCAC assumptions is not yet precise.
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Assuming no SCC effects—see Ref.[21]—the ΔNγ transition form fac-

tors G∗M(q2) and G∗E(q2) and G∗C(q2) can be calculated in terms of the

well-known nucleon isovector Sachs form factor parametrized by GV
M(q̃2) =

1
2(μp − μn)Gdipole(q̃

2), with Gdipole(q̃
2) ≡ [1 − q̃2/0.71 GeV 2/c2]−2, where

μp and μn are the proton and neutron magnetic moments respectively [Eqs.

(8) and (7) are helicity nonflip and helicity flip sum rules respectively and

jμ ≡ jμ
3 + jμ

S , where jμ
3 ≡ isovector part of jμ and jμ

S is isoscalar] :

< p(�s, +1/2 )|jμ(0)|Δ+(�t, +1/2 ) > =

5
√

2
4

⎧⎪⎪⎨⎪⎪⎩−
〈p(�s, +1/2 )|Aμ

π+(0)
∣∣∣∣n(�t, +1/2 )

〉
2gA(0)

+
〈
p(�s, +1/2 ) |jμ

3 (0)| p(�t, +1/2 )
〉}

, (6)

< p(�s,−1/2 ) |jμ(0)|Δ+(�t, +1/2 ) >=
5
8

√
2 〈p(�s,−1/2 ) | jμ

3 (0)
∣∣∣∣p(�t, +1/2 )

〉
.

(7)
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• In obtaining Eqs. (8) and (7), one uses the ETCR [ jμ
3 (0), Aπ+] = Aμ

π+(0)

and infinite momentum frame [ |−→s | → ∞,
∣∣∣∣−→t ∣∣∣∣ → ∞] level realization

which does not require saturation or ad hoc truncation of intermediate

states.

• We do this by inserting the ETCR between (baryon) states〈
α′, λ′, �s, D′, L′P

′
N ′

∣∣∣∣∣ and
∣∣∣∣α, λ,�t, D, LP

N

〉
, where α, α′ denote physical fla-

vor indices (i.e. n, p, Δ+, ...), λ′, λ = particle helicity, hadronic levels

are labeled by LP
N, L′P

′
N ′ = 0+

0 , 0+
2 , 1−1 , ..., whereas flavor multiplet (i.e.

singlet, octet, nonet, decuplet,...) and JP are labeled by D, D′ to which a

particle belongs.

• In the present case, we choose the ground state octet and decuplet baryons

as external states, so that D = D′ and LP
N = L′P

′
N ′ = 0+

0 . One then inserts

a complete set(∑
D′′,L′′) of internal states grouped by appropriate labels D′′

and L′′PN . To each of these groupings is associated a fractional level

parameter f (D′′, L′′PN, λ′, λ) which does not depend on α′ or α and is

required to be invariant under flavor group rotations.
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• Effectively, one has replaced a single CR sum rule with an infinite number

of grouped internal states with an equivalent infinite number of CRs with

a single grouping of internal states where the right hand side of each CR is

now multiplied by the parameter f (D′′, L′′PN, λ′, λ).

• Eqs. (8) and (7) were obtained by first using the ground state baryons (D =︷ ︸︸ ︷
octet, decuplet, LP

N = 0+
0 ) as external states and choosing the internal

grouping to be the same as the external states; second, selecting only those

sum rules with the same associated parameter f (
︷ ︸︸ ︷
octet, decuplet, 0+

0 , λ′, λ)

(resulting in a set of nonlinear matrix element equations), and finally by

eliminating the parameter f (
︷ ︸︸ ︷
octet, decuplet, 0+

0 , λ′, λ) itself. [20].
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It is important to note (and is the major point in this talk) that Eq. (5)

describes the ΔNγ electromagnetic interaction in the Δ rest frame (nu-

cleon and Δ helicities and momenta specified) and when used must be

suitably transformed for whatever frame of reference that is required. This

transformation can be done and brings into play the Wigner angles for the Δ

and the N . It may also be advantageous for one make a transformation in such

a frame as to make calculation easier. This transformation and its accompa-

nying Wigner angles may also be responsible at some level for some theo-

retical/experimental difficulties in calculating/determining observables.
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Let’s briefly illustrate the helicity representation transformation law for ma-

trix elements:

Let G be an arbitrary proper Lorentz transformation and H(−→gp) define the

transformation for the helicity state |�p, s, λ >= |pθφsλ >= R(θ, φ)|psλ >=

H(−→gp)|sλ >

Then we have:

G|�p, s, λ >= ∑
λ′ |−→gpsλ′ >< (�sλ′|Rg|sλ >

Rg = H−1(−→gp)GH(�p) so that

G|�p, s, λ >= ∑
λ′ |−→gpsλ′ > D

(s)
λ′,λ(Rg).

Rg and Rg′ are Wigner rotations (defined individually) for the initial and

final states above.

Now, if A is an operator which transforms like GAG−1 = AG then one

obtains:

< �p′s′μ′|A|�psμ >=
∑
λλ′

D
(s′)
λ′,μ′(Rg′) < �p′s′μ′|AG|�psμ′ > D

(s)
λ,μ(Rg) (8)

A very useful relation!

Example

When GΔ : �p → (mΔ, 0, 0, 0) and AG = j1−i2
EM , A = AG = j1−i2

EM , μ′ =
1
2 = μ, we find that D

(s′)
−1/2,1/2(Rg′) = sin( mpzp

′
x

mΔ|�p′|2
) so that the nucleon transverse

momentum can become very important.
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Conclusions

WATCH OUT FOR WIGNER ROTATIONS!!
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FIG. 1: G∗
M (Q2) normalized to 3Gdipole(Q

2), REM (Q2), and RSM (Q2). (a). G∗
M (Q2) (as defined in [33–

35]): Dashed curve: no parameter theoretical calculation and Solid curve: SCC theoretical calculation with a

fit to the data of Ref.([33]) with G∗
M (0)/3 Gdipole(0) = 1.03; Open Square data point is from Ref.([34]) where

G∗
M (0)/3 Gdipole(0) = 1.00; Circle denoted data is from Ref.([36]); Diamond denoted data is from Ref.([37]);

Up-Triangle data is from Ref.([38]); (b). REM (Q2): Dashed curve: no parameter theoretical calculation; Solid

curve: SCC theoretical calculation with a fit to the data of Ref.([33]) with REM (0) = −0.038. Diamond denoted

data is from Ref.([39]); Circle denoted data is from Ref.([40]); Square denoted data are from Ref.([41]); Open-

Circle denoted data is from Ref.([42]) (c). RSM (Q2): Solid curve: SCC theoretical calculation with a fit to the

data of Ref.([33]) with RSM (0) = −0.049; Diamond denoted data is from Ref.([39]); Down-Triangle denoted data

is from Ref.([43]); Circle denoted data is from Ref.([40]); Square denoted data and the Up-Triangle data are

from Ref.([41]); Open-Circle denoted data is from Ref.([42]); (d),(e), and (f):The ΔNγ photon decay amplitudes

A1/2(Q2), A3/2(Q2) and their ratio A1/2(Q2)/A3/2(Q2). Solid curves: SCC theoretical calculation with a fit to

the data of Ref.([33]). Dash-dotted curves are from an analysis of p(e, e′p)π0 data in Ref.([33]). When Q2 = 0,

A 1
2

= −128× 10−3GeV −1/2 and A 3
2

= −260× 10−3GeV −1/2.
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