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Motivation

e On-going issue in the NC community: Does non-commutativity play a role in
connection with gravity?

... The hope (=7 expectation) is the answer to this question to be yes! ..
[t seems reasonable to look for an answer within string theory.

One step along this direction is to invoke the Penrose limit and look for
non-commutative spaces in pp strings.

e Genuine interest in pp strings within string theory:.



Problem

e In particular, I will consider the pp background
ds* = dx" dx™ +m? [(CIZl)Q - (:UQ)Q} (dz™)? + (da') + (dz")’
1=1,2 a=3,...D—1
By = B, any other B, =0 ® = const.
and quantize the open string on it.
This is a Non-singular exact solution to all orders in o’

e The results to be presented trivially extend to e.g. 10 dimensions

4
ds* = dxt dx™ + Zm% [(:I:k)Q — (2t ] ¥ Z (da")
k=1

Bis, Bag, Bar, Byg # 0.

Compare with maximally supersymmetric pp 1B superstring.
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ds? = da™ de™ +m? | 3 (@) + 37 (@) |(da )+ Y (da)

k=1
Fr=mdx™ A (d:z:l A dx? A dzd A dxt + da® A daS A da” A de) .
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Strategy: use canonical quantization in lightcone and conformal gauge:

1. Solution to the equations of motion for the classical string.
2. Canonical quantization: by inverting the symplectic form.

3. The Hamiltonian spectrum and the Fock-Hilbert space
Let us anticipate some results:

4. Commutation relations (in light-cone gauge "= k7 — wave fronts)
X'(1,0), Pi(1,0")] =id'&';6(c — o)
[ X'(1,0), X*(1,0")] =i6(0,0)
— O(o,0') # 0 for all o, 0’ (i.e. all along the string,

not only at endpoints).
~ Non-commutativity without/outside branes.

— As m — 0, Minkowski spacetime results are recovered.
Non-commutativity is confined back to the string endpoints.



1. Classical string.

1
Ao

g —

In lightcone and conformal gauge: X ™ = k7 and (from the action)

Equations of motion
OX ™ +4m*k (Xlﬁ X!
OX'+m*k* X' =0
OX° —m*°X* =0
X% =0

Virasoro constraints

k0, X =m’K’ [(Xl)2 —

(X3

drdo (V=37 Gy 0, X" O.X" +27 By, 0, X" ,X" +0/\/=7 R®)

Boundary conditions

- X0, X%) =0 9,X | _,. =0

9, X' — B, X
0, X*+Bo.X"| _,
0, X =0

o=0,7

+ (0. X)) + (0. X + [(0,X7°

kO, X =2(0:X")(0,X") +2 (0, X") (8,X")

e a-directions: same as in Minkowski spacetime. Solution is well-known.

Equatlons for X1, X?
Vlrasoro constramts

} = Equation for X .
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o=0,7

=0
=0

+ (0, X))



e The solution for the boundary problem for X!, X? is

Q sin B :
XY 7, 0) =i g C\ —— (cos o+ sin a)e_MT
(T,9) *\B b cos B F 1 g
AEAL
X?*(1,0) = — g c (COSOM:I:l cosa0+sina0) e AT
’ N A SIN Q7T
AEA L

A = {solutions of F'y (A) = 0, sinamsin G # 0}
A _ = {solutions of F_(A) = 0, sinamsin fr # 0}

af  (cosam £1)(cosfm F1)
A2 B? sin aerr sin B

Fi(A) =

Q= \/ A2 — m2k2

B = Ve

c) = arbitrary constants of integration

A and A_ are disjoint: F, (X) and F_(A) do not have common roots.




The eigenvalue equations F(A) = 0 have infinitely many solutions:
— Come in pairs (X, —\) since Fiy are functions of A%

— A% > 0 = Real A = e 7 = oscillations in 7

Finite number (>1, depends on the value of mk) of them with |A| < mk.

[nfinitely many with |A| > mk. In fact, for |A| > mk, there are 2 solutions

in the neighborhood of every large enough integer n

2,2 1 _ g2 "
AL — g 1 00 +0 .
T T o 11 B2 n?

IAT

— A? < 0 = Imaginary A\ = e~ = non-oscillatory 7-dependence

Finite number (>1, depends on the value of mk) of them, all with |A| < mk.

Conclusion: infinitely many oscillations (real A) and a finite number of non-
oscillatory position-momentum type degrees of freedom (imaginary ).

Comment. This solution exists for all values of mk.

(i) If m?k* = even integer, there are a few additional oscillation modes.
(i) If mk = integer, there is in addition one more position-momentum type mode.
To keep formulas simple, I will not write them here.



e Momenta.

6.5 1 . |
Pi(r,0) = — . = X' — Be;; 0,X7) =
() 0(0;X(r,0)) 2ma/ (9 €ij 0, X) Agx:i

T
From the resulting mode expansions the total momentum p; = / do P; is
0

B cA cosam —1 .
D1 (T) _ E e—z)\T
Sin Q7w
)\eA_
1 C)\
—IAT
D2\T) = — E — €
(7) o/ Ay
)\EA_|_

— p;(T) are not conserved. Expected!
— p;(7) are collective. Receive contributions from all modes.

— Upon quantization, they will not play a significant role.



3. Quantization.

S = /dT do | — (P0. X'+ P,0,X")+ F]
N\
(27 Py + Beyj 0,X7)" +(2na/ P)” + (0,X7)" + (9,X7)° ]

2ma’

Symplectic form: 2 = / do (dPZ- AdX'+dP, A an) =:Q; + (),
0 /
dX'A dX*?

O=T

Q;

/

1 0 | |
/ do d(0, XA dX" +

2mal 2mQ

o=0

Using the mode expansions and integrating over do,

1
Q, = 5 Z Q)\,_)\ dc) ANdc_

AeAL
0 Ao (cosam 1) [ 2 (mk)? T T
ol sin o Ao 3 asinar -~ fsinfr |

=: f(A) #0 for all A € Ay



() is non-singular. Its inverse exists

Quantization: Amplitudes ¢, become operators, with

ciz c_\ A real

ciz cyn A lmaginary

/
[exex] =i(Q71),, = = o~

e

Comment. Symplectic form has “canonical” form (only A + X" = 0 contributes).

Or+.0
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4. Hamiltonian and Fock-Hilbert space

We want to solve H|i) = Elt), where

H=H;+ H,
1 " i 2 i 2 2 2
H, = [ o {(0.X)"+ (0X7) = e () = (7]
1 " o\ 2 a2
Ha:m,/o o [ (0:x) + (8,x7)"]

e H,|1,) = FE,|1,) Solution is well-known
— plane waves of momentum p,

— harmonic oscillators of integer frequency.
D —4

24

— F, has a normal ordering constant
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o Hi|v;) = E;|1;)

)\) C)C_)\

_E N A cher — = Z A ) sign[Af(V)] (85— @)

AeA+ AeA+ AeA4
Re \>0 . ReA>0  ImA>0 P
- - _ o 3 = B
Harmonic oscillators normal CEAT A/ 2O (C]A DA
of frequency A ordering Im\> 0

l

For every A (ImA > 0), Hamiltonian for an inverted harmonic oscillator

vy = 1] low) ‘ }
ImA>0
' 4+ B —
o o | G R
ImA>0 )

Does not have bound sates. Its solutions are scattering states
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52 i . —ig? i .
Oalgy) = Cre W2 @5+, 35ig3) + Coe W20 (5 + 1 45 ig})
N\ /

regular at gy, =0

at ¢, — oo superpositions of —— exp [j: i' (EA In qg\ 4 2q§)}

Vial

AT geattering states in 1,2-directions

— Ya(qr) e
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4. Canonical commutation relations and non-commutativity

sin B
cos B F 1

° [Xl(Ta o), X*(r, U,)} B % A;@)

( cos Bo + sin ﬁa)

cosam =1 ,
x ( , cosaa’+sinaa’) —:10(0,0") £0
sin

e Case [mk| << 1. The mode eigenvalues A can be found as power series in mk:

Ao ={+ix, A"} AL ={£AXAY n=41,42,. ..

A= mk ' (mli)2 w2 B? N (mﬁ;)4 * B? (5 B? — 24) N O(mG/ﬁ;G)
V1t B 12 14+ B> 1440 (14 B?)?
AR _ MK - (m/i)2 w2 B? N (mﬁ;)4 7wt B2 (5 B? — 24) N O(m6/<;6)
V1t B? 12 1+B% 1440  (1+ B?)?
2k2 1 — B2 mi*k* B*—6B%*+1
AW — 1 (o) BE _ O(mSkb) | .
+ 'n,[ (=) 2n? 1+ B%2 8n* (1+ B2)? + (ml{)
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O(o,0’) = Z O (0, 0’) (mr)*

= ,
CcoS No CcOS No
Functions of o and ¢’ : x| . /

sin no sin no
Involve powers of o and ¢’ and E

,npositive integer

n=1
a'mB ) As in Minkowski spacetime
@0(0, O) — —@O(ﬂ', 7T) — 5 p
14+ B % [(Chu-Ho, Seiberg-Witten|
Oy(o,0') =0 for o+ o' #0,27 It comes out of the calculation!
Oz(o0,0') = o'B {32{—g(02—30/2) —I—z(02—0’2—200’) —1(0—30’)}
’ (1 + B2’ 6 4 12
2 3
—1—2 (7T0% + 90 ) g (702 + 30" + 6oo’) — % (30 + o) + %
+§|0—0’\ [232 (0?40 — ) +50—0’—27r} }
outside
#+ 0 for arbitrary o,o0’ = Non-commutativity — branes!
without

As m — 0, NC gets confined to endpoints.
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e Similarly

(X'(1,0), Pj(1,0")| =) Clax(o,0')(mr)*
k=0
'9-,0 = 10’ 5’9 d(c — o)

i
CJ,Z —

e (Total) normal ordering constant is also a power series in mk:

AEAL
Re \>0
_ D —2 B mk - (mk)* w°B? N (’)(m?’/{
24 2\/1 + B2 12 1+ B?
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It looks as if there is room for non-commutativity in connec-
tion with gravity within string theory.

— The low energy-limit (Seiberg-Witten maps).
— The Penrose limit.

Implications for spacetime singularities, etc?
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