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(mostly) based on work done in collaboration with:
Thibault Damour, Axel Kleinschmidt and Marc Henneaux

Main message of this talk:
Search for uni cation = search for symmetries
Most successful guiding principle of physics

... and perhaps also for quantum gravity...
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The BKL Paradigm

f # Near a spacelike (cosmological) singularity, Einstein T
equations should simplify ) BKL decoupling: @ @~

[BKL Belinskii, Khalatnikov, Lifshitz (1972)]
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The BKL Paradigm

f # Near a spacelike (cosmological) singularity, Einstein T
equations should simplify ) BKL decoupling: @ @~

[BKL Belinskii, Khalatnikov, Lifshitz (1972)]

LA T

/
YN NN,

# Dimensional reduction to one (time) dimension !
effective dynamics near singularity from gradient
L expansion? ! billiards, chaotic oscillations, etc. J
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Another (old) paradigm

f #® Cosmological evolution as geodesic motion' in the T
moduli space of 3-geometries [wheeler, Dewitt,..]

(3) — f spatial metrics g (x)g

M f diffeomorphismsg
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Another (old) paradigm

f # Cosmological evolution as geodesic motion' in the T
moduli space of 3-geometries [wheeler, Dewitt,..]

(3) — f spatial metrics g (x)g
f diffeomorphismsg

M

# Can we understand and simplify' M by means of an
embedding into a group theoretical coset G=K (G)?

# The prototype example: moduli space of solutions of
Einstein equations with two commuting Killing vectors

M = AP=k@aMy; A" sk@R).. = Geroch group
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Another (old) paradigm

Cosmological evolution as geodesic motion' in the T
moduli space of 3-geometries [wheeler, Dewitt,..]

(3) — f spatial metrics g (x)g

M f diffeomorphismsg

Can we understand and simplify' M by means of an
embedding into a group theoretical coset G=K (G)?

The prototype example: moduli space of solutions of
Einstein equations with two commuting Killing vectors

M = AP=k@aMy; A" sk@R).. = Geroch group

Uni cation of space-time, matter and gravitation:
con gur ation space M for guantum gravity should
consistently incorporate matter degrees of freedom. J
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Hidden symmetries
f Reduction of SUGRA;1to D = 11 n [cremmer, Julia  (1979)] —‘

Scalar Coset E =K (Ep)

O© 00O N O Ol & WIDN |5

GL(1)=1
GL (2)=SO(2)
SL(3) SL(2)=U(2)
SL (5)=S0(5)
SO(5:5)=S0(5) SO(5)
Es=USp(4)
E,=SU (8)
Es=(Spin(16)=Z>)
Eo=K(Eo)

=
)

B

E10=K(E10)
E11=K(E11)

<

N. (1987)
Julia('85), DHN('02)
West (2001)
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f) E 1o from dimensional reduction to D = 1? T

o |

E 10 andK (E 10 ) : re-inventing M theory? — p.5/16



f) E 1o from dimensional reduction to D = 1? T

However: L = L gj (t);Aj «(t) is onlyinvariant under GL (10;R) n Ti20 ... but:
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f) E 1o from dimensional reduction to D = 1? T

However: L = L gj (t);Aj «(t) is onlyinvariant under GL (10;R) n Ti20 ... but:

Effective dynamics of diagonal metric degrees of freedom is
governed by cosmological billiards in Weyl chamber of E 1!
[Damour, Henneaux, hep-th/0012172; DHN, hep-th/0212256]
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f) E 1o from dimensional reduction to D = 1? T

However: L = L gj (t);Aj «(t) is onlyinvariant under GL (10;R) n Ti20 ... but:

Effective dynamics of diagonal metric degrees of freedom is
governed by cosmological billiards in Weyl chamber of E 1!

[Damour, Henneaux, hep-th/0012172;

DHN, hep-th/0212256]

motivates BASIC CONJECTURE: M = E10=K(E10)

Dynamics of supergravity (or
some M theoretic extension)

Null geodesic motion on
E10=K(E10) coset space

are equivalent! pHN, hep-th/0207267]

SUGRA eqgs. of motion
L + canonical constraints

1 -component geodesic eqgn.
and coset constraints J
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De nition of E g

o N

E 10 IS the KacxMoody group with KacxMoody Lie algebra
g epofrank 10de ned via the Dynkin diagram

Aij
Cartan matrix

1y 2y 3y 4y 5y 6y 7 8y 9y ( )
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De nition of E g

o N

E 10 IS the KacxMoody group with KacxMoody Lie algebra
g epofrank 10de ned via the Dynkin diagram

Y 10
Aij
Cartan matrix

yyyynyyy()

1 2 3 4 5 6 7 8 9

ChevalleytSerre presentation: Generators h;; e;f; for
| = 1;::::10with relations

[hi;hj]=0; [esfi]1= i hi;
hi;g]=Ajs; [hi;fil= Ajfj;
(ade)' Mg =0 (adf)* " f; =0
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De nition of E g

o N

E 10 IS the KacxMoody group with KacxMoody Lie algebra
g epofrank 10de ned via the Dynkin diagram

Aij
Cartan matrix

Chevalley+Serre presentation: Generators h;; e;f; for
1= 1::::: 10 with relations

1y 2y 3y 4y 5y 6y 7 8y 9y ( )

[hi;hj]=0; [esfi]1= i hi;
hi;g]=Ajs; [hi;fil= Ajfj;
(ade)' Mg =0 (adf)* " f; =0

h; span Cartan subalgebra h; e, and f;: positive and negative simple root generators
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Key Properties

f # Root space decomposition: 2 Q(E1g) = Il1:9 T
g = x2g:[hx]= (h)x forh2h

Real roots ( 2 = 2) and imaginary roots ( ¢ 0)
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g = x2g:[hx]= (h)x forh2h

Real roots ( 2 = 2) and imaginary roots ( ¢ 0)
9o Weyl group. W+(E10) = PSLz(Oz) [KN+Feingold  (2007)]
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Key Properties

f # Root space decomposition: 2 Q(E1o) = ll1:9 T
g = x2g:[hx]= (h)x forh2h

Real roots ( 2 = 2) and imaginary roots ( ¢ 0)
9o Weyl group. W~ (E]_()) = PSLz(Oz) [KN+Feingold  (2007)]
# Invariant bilinear form ! Action Principle

mijhji = Ay hgjfji= 5 HXylizi = xly; z)i:

[No other polynomial Casimir fordimg= 1 ! action is (essentially) unique!]
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Key Properties

f # Root space decomposition: 2 Q(E1o) = ll1:9 T
g = x2g:[hx]= (h)x forh2h

Real roots ( 2 = 2) and imaginary roots ( ¢ 0)
9o Weyl group. W+(E1()) = PSLz(Oz) [KN+Feingold  (2007)]

# |nvariant bilinear form ! Action Principle
thijhji = Ay 5 hejfji= 5 HXylizi = jly; z]i:
[No other polynomial Casimir fordimg= 1 ! action is (essentially) unique!]
# Triangular decomposition ! Computability
g=ep=n h ny ; withn ::L 209

o | |
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CompactsubalgebraK (e;g)
=

Chevalley involution ! on egis de ned by
()= fi; '(fi))= &; 1(hi))= h

and extends to all of eig by ! ([x;y]) = [! (X);! (y)].



CompactsubalgebraK (e;g)
=

Chevalley involution ! on egis de ned by
()= fi; '(fi))= &; 1(hi))= h

and extends to all of eig by ! ([x;y]) = [! (X);! (y)].
Fixed point set

kio K(ewo)= Xx2ep:!(x) x' =x

IS a subalgebra of ep, called the compact subalgebra.
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o N

Chevalley involution ! on egis de ned by
()= fi; '(fi))= &; 1(hi))= h

and extends to all of eig by ! ([x;y]) = [! (X);! (y)].
Fixed point set

kio K(ewo)= Xx2ep:!(x) x' =x

IS a subalgebra of ep, called the compact subalgebra.

| generalizes compact subalgebra of nite dimensional
Lie algebras (in split real form; e.g. sa(n) gl(n))
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CompactsubalgebraK (e;g)

o N

Chevalley involution ! on egis de ned by
()= fi; '(fi))= &; 1(hi))= h

and extends to all of eig by ! ([x;y]) = [! (X);! (y)].
Fixed point set

kio K(ewo)= Xx2ep:!(x) x' =x

IS a subalgebra of ep, called the compact subalgebra.

| generalizes compact subalgebra of nite dimensional
Lie algebras (in split real form; e.g. sa(n) gl(n))

LHowever: kig IS not a Kac-Moody algebra kN, hep-th/0506238] J
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Level decomposition:Ag €
f Y 10, T

1 2 3 4 5 6 7L s o () Sl(10) A9 e




Level decomposition:Ag €
[10,\ T

> a3 4 5 & 7 8 o () sl(10) Ag e

Ag module Tensor
0 | [L00000001] [000000000] K3,
! 000000100 £ abc
- 000100000] auias
3 010000001 £ a1asjas

|
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Level decomposition:Ag €
f [10,‘ T

. 2 3 4 5 & 7 8 o () sl(10) Ag e

Ag module Tensor
0 | [L00000001] [000000000] K3,
! 000000100 £ abc
- 000100000 C au:ias
3 010000001 £ a1asjas

These are just the representations corresponding to the
bosonic elds of D = 11 SUGRA and their magnetic duals.

At level * = 3: dual graviton hy, a2, (With N, a2, = 0)
[For more representations, see.  Fischbacher,N. hep-th/0301017]

E 10 andK (E 10 ) : re-inventing M theory? — p.9/16



Versatility of E1g (& E11)

K (E 10 ) : re-inventing M theory? — p.10/16



Versatility of E1g (& E11)

fThe one-dimensional E;o -model uni es
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Versatility of E1g (& E11)

fThe one-dimensional E;o -model uni es T
¥
sI(lO) €10 L
y y y y y y Y. y D = 11SUGRA

[DHN; West 2002]
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Versatility of E1g (& E11)

fThe one-dimensional E;og -model uni es T
¥
sI(lO) €10 L
y y y y y y Y. y D = 11SUGRA

[DHN; West 2002]

mIIA D = 10SUGRA

[Kleinschmidt, Schnakenburg, West 2003]
[Kleinschmidt, N. 2004]
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Versatility of E1g (& E11)

fThe one-dimensional E;og -model uni es T
y
sl(10) e L
y y y y y y D = 11SUGRA
[DHN; West 2002]
y
s0(9;9) e L
Y— Y—— Y y——y—— mIA D = 10SUGRA
[Kleinschmidt, Schnakenburg, West 2003]
[Kleinschmidt, N. 2004]
y
sl(9) sl(2) e

.

y

Y

y

y

y

y

IBD = 10SUGRA

[Kleinschmidt, Schnakenburg, West 2003]

[Kleinschmidt, N. 2004]
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Versatility of E1g (& E11)

fThe one-dimensional E;o -model uni es T
¥
sI(lO) €10 L
y y y y y y D = 118UGRA
[DHN; West 2002]
y
s0(9;9) e L
Y. Y. Y. Y. y Y. MIIA D = 10SUGRA

sl(9) sl(2) e

y y y y y y

[Kleinschmidt, Schnakenburg, West 2003]
[Kleinschmidt, N. 2004]

IBD = 10SUGRA

[Kleinschmidt, Schnakenburg, West 2003]
[Kleinschmidt, N. 2004]

These are the (maximal) low energy theories of the
L‘I\/I-theory diagram’, now all part of a single model. J
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Dynamics: bosonicLagrangian

o N

Decompose Cartan form for V(t) 2 E10=K (E10)

@VV (1) = Q)+P(t) ; Q2kio;P2epo ko

) essentially unique coset Lagrangian (n(t)= lapse)

—hPP
2N =t
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Dynamics: bosonicLagrangian

o N

Decompose Cartan form for V(t) 2 E10=K (E10)

@VV (1) = Q)+P(t) ; Q2kio;P2epo ko

) essentially unique coset Lagrangian (n(t)= lapse)

—hPP
2N et

iInvariant under local K (E1p) and global E1¢:

V() ! k()V(t)g) P! kPk ': Q! kQk '+ @kk !
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Dynamics: bosonicLagrangian

o N

Decompose Cartan form for V(t) 2 E10=K (E10)

@VV (1) = Q)+P(t) ; Q2kio;P2epo ko

) essentially unique coset Lagrangian (n(t)= lapse)

—hPP
2N et

iInvariant under local K (E1p) and global E1¢:
V(t)! k(t)V(H)g) P! kPk '; Q! kQk '+ @kk !
Equations of motion: null geodesic on E10=K (E 1)

L n@n P)= Q:P ; hPjPi = O: J
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Example: Ag Eqo
-

P . . .
with@vv = . P0) E() (schematically) and truncation P( ) = Ofor* > 3 )

nD@ (n Py = % P ion Prod g a Pde Pede
% P2 ... é?l:::CS 9 abPepc 6 sk 6
+ g Pag)l:::chs Péi)l:::c 7ics " %Pé?:::CSjapé?:“%jb
% ab Pé:j):::c 8jCo Pé?ﬂi CgjcCg
nD© (n 1P§)2:) = %Pe(lf))cdef Pég‘ * %Pa(ﬁz:dl:::dedB éi)ﬂidﬁ
nDO (n PP ..) = %Paﬁ):::a s cde Pc%?e
D@ PP ) = 0 (with P& .y 1= O):

This is a consistent truncation of E190=K (E 10) coset dynamics: solutions of truncated
theory are also solutions of the full theory.
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Correspondenceavith SUGRA 4

Bosonic D = 11 supergravity equations [Cremmer, Julia, Scherk 1978]
1 1
EaB Rae  -FacpeFs®PF + = as FcperFCPEF =0
3 36
1
M BCD D,FABCD , BCDEl...EgFEl:::E4FE5:::E8: 0

576

and Bianchi identities: DpaFgcpe] = Riag cjp = 0
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Correspondenceavith SUGRA 4

Bosonic D = 11 supergravity equations [Cremmer, Julia, Scherk 1978]
1 1
EaB Rae  -FacpeFs®PF + = as FcperFCPEF =0
3 36
1
M BCD D,FABCD , BCDEl...EgFEl:::E4FE5:::E8: 0

576
and Bianchi identities: DpaFgcpe] = Riag cjp = 0

Consider gauge ®xed (a la ADM) equations at some x ed spatial point Xo:

® keeping all temporal and ®Cr)st order spatizil derivatives at xg

N 0
® zero-shiftgauge: Ey A = @ } . A and Coulomb gauge: Aymn = 0
0O | em
® Anholonomy coef®cients [@ @] = “beja @ chosen traceless (in some neighborhood
of Xo) by exploiting spatial Lorentz group, i.e. a, = ap(t; X) [?77]

® Thus the standard ADM procedure leads to usual split into:
+ Dynamical equations: Egp = M apc = DigFpcde] = Rioanie = 0
+ Canonical constraints: Eoo = Eoa = M gap = DaFpede] = Rpabca = O

E 10 andK (E 10 ) : re-inventing M theory? — p.13/16



Correspondenceavith SUGRA 4

Bosonic D = 11 supergravity equations [Cremmer, Julia, Scherk 1978]
1 1
EaB Rae  -FacpeFs®PF + = as FcperFCPEF =0
3 36
1
M BCD D,FABCD , BCDEl...EgFEl:::E4FE5:::E8: 0

576
and Bianchi identities: DpaFgcpe] = Riag cjp = 0

Then with the identi®cation n = N e ! and (r.h.s. always at ®xed spatial point x = Xg)

0 pO  _ time deriv ati
D( ) Pab — Rallrt;]e eriv ativ es
1
P&, = NFoanc
(2) _ -
I:)al:::ag - E ai:aghbriibg I:bl:::b4
3) _ 3 -
Pal:::agjag - EN aji:raghbc bcjag
: : o 3) _ ~ _
the two sets of dynamical equations coincide! (recall P[al::: agjag] = 0, abjb = 0 )
Dynamical equations for mlIA and IIB similarly from level decompositions w.r.t. ®nite
dimensional subgroups Dg SO(9;9) EjpandAg A1 SL(9 SL(2) Enio.
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Constraints: an intriguing link

Conserved Eqp currentJ = nVPV 1 ( Noether charge associated with global E 19):

_ 1 Mopjmq::m g mai::m 1 mnp
J - a\]( 3) I:mojml:::ms + a‘]( 12) 6Fm1113m6 + a‘]( 1) anp

& m mn mq::m
HlomK ™+ 53w mp EMY 4 2 d@ mymm BT 4

o |
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Constraints: an intriguing link

Conserved Eqp currentJ = nVPV 1 ( Noether charge associated with global E 19):

1
3% Fen

3!

1 ' o o
J = a\](mogl)ml m 8Fmojm1111m8 + gJ(le) MO E i me +

1 1
+‘J(r(]3)men " a‘](l) mnp EMP+ aJ(Z) mliiimeEmlmmB ol

Consider Sugawara-like (/ J  J ) expressions [DKN, hep-th 0709.2691]

Lml:::mlo;nojnl:::n7 _ Jnojml:::m 8Jm9jmlon1:::n7

( 6) - (3 ( 3
LGlé;m 10;N1:iNs  _ J(rllg):n4m1m23(rn33:)::m 10
miq:imqo ;N1N2 — STqnampiims qN2Meii Mo nitmimo qN2M3IIM1qp
L = T I %) oy

o |
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Constraints: an intriguing link

Conserved Eqp currentJ = nVPV 1 ( Noether charge associated with global E 19):

_ 1 Mopjmq::m g 1 mai::m 1 mnp
J - a‘]( 3) I:mojml:::ms + a‘]( 12) BFm1113m6 + a‘]( 1) anp

1
+‘J(r(]3) m K Tt a‘](l) mnp EMP+ aJ(Z) may:: msEmlm Mo+ i
Consider Sugawara-like (/ J  J ) expressions [DKN, hep-th 0709.2691]

Lml:::mlo rNojn1:iny Jnojml:::m 8Jm9jm10n1:::n 7

(6 ( 3) ( 3)
mqm 1o;N1:: N5  _ N{::N4amMiMo M3m 190
L) = I3
miq:imqo ;N1N2 — STqnampiims qN2Meii Mo nitmimo qN2M3IIM1qp
L = T I %) oy

(with appropriate antisymmetrizations) to re-express canonical constraints:

mq:im 10 ;Nojn1:iny maqi:m 19 N1::n 7pqr : :
L( 6) / Rpgrng Bianchi (1)
LE“ 15:)::m 10:N1:Ns 1M g0 NN SPIERSD L FooL Bianchi (I1)

e Gauss constraint

LE" 13:)“”1 o mi=m on g, Momentum constraint
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The maximally extended' hyperbolic KM algebra E g
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Summary

o N

The maximally extended' hyperbolic KM algebra E g

# Incorporates and unites many relations between
maximal supergravity theories, generalizing known
duality symmetries (including af ne Geroch group)
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Summary

o N

The maximally extended' hyperbolic KM algebra E g

# Incorporates and unites many relations between
maximal supergravity theories, generalizing known
duality symmetries (including af ne Geroch group)

# provides a concise algorithmic scheme via geodesic'
-model and triangular (and level) decomposition.
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Summary

o N

The maximally extended' hyperbolic KM algebra E g

# Incorporates and unites many relations between
maximal supergravity theories, generalizing known
duality symmetries (including af ne Geroch group)

# provides a concise algorithmic scheme via geodesic'
-model and triangular (and level) decomposition.

# Yyields same information as maximal supersymmetry:

+ correct supermultiplets of SUGRA1; and all D < 11 maximal supergravities
+ in particular: self-duality of 5-form ®eld strength in 1IB;

+ unique (bosonic) action, CherntSimons couplings;

+ no cosmological constantin D = 11;

+ (partial) information about R4;R’;::: corrections?

o |
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The maximally extended' hyperbolic KM algebra E g

9

Summary

-

Incorporates and unites many relations between
maximal supergravity theories, generalizing known
duality symmetries (including af ne Geroch group)

provides a concise algorithmic scheme via geodesic'
-model and triangular (and level) decomposition.

yields same information as maximal supersymmetry:

+ correct supermultiplets of SUGRA1; and all D < 11 maximal supergravities
+ in particular: self-duality of 5-form ®eld strength in 1IB;

+ unique (bosonic) action, CherntSimons couplings;

+ no cosmological constantin D = 11;

+ (partial) information about R4;R’;::: corrections?

Fermions correctly described by R symmetry K (E1p).
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+ Space from Lie algebra
+ Time “operationally' from Wheeler-DeWitt equation

+ General covariance as an emergent property?
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+ General covariance as an emergent property?

I new perspectives for background independence?

Quantization: wave function of the universe as a
modular form over E1o(Z)? [Ganor, hep-th/9903110]

Any relation to zero tension limit of string theory?

Further exploration of these links could lead to
Important advances in physics and mathematics.
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New mechanism for (de-)emergence of space-time?

+ Space from Lie algebra
+ Time “operationally' from Wheeler-DeWitt equation

+ General covariance as an emergent property?

I new perspectives for background independence?

Quantization: wave function of the universe as a
modular form over E1o(Z)? [Ganor, hep-th/9903110]

Any relation to zero tension limit of string theory?

Further exploration of these links could lead to
Important advances in physics and mathematics.

Thank you for your attention
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