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We consider the differential operator L+(Q) generated in
the space L5 [0, 1] by the differential expression

I(y) = —y (z) + Q (2) y(=) (1)
and the quasiperiodic conditions
y (1) =¢y (0), y(1) =€y (0)  (2)

for t € [0,27), where L5*[0,1] is the set of the vec-

tor functions f(z) = (f1(x), fo(x),..., fm (z)) with
fi () € Ly [0,1] for k=1,2,...,m and

Q(x) = (bijj (:1;)) is a m X m matrix with the complex-
valued summable entries b; ; ().



The norm ||.|| and inner product (.,.) in L5*[0,1] are
defined by

1 > 1
1= [1r@PRdz | (f,9)= [/ (@), 9()) da,

0 0

where |.| and (.,.) are respectively the norm and the in-
ner product in C™. These boundary value problems play
a fundamental role in the spectral theory of the differ-
ential operator L ger/w/erated in the space L5*(—o00, c0)
by the expression —y ()4 Q () y(x) with the periodic
coefficient @ (x), since the spectrum of the operator L
is the union of the spectra of L; for t € [0, 27)

It follows easily from the well-known classical investiga-
tions that the eigenvalues of the operator L; (Q) consist
of m sequences

{Me1:ke€Z), {Mpok€Zyy, {PMm: kEL}

1
lying in the O(|k|* ~m) neighborhoods of the eigenvalues
(2k7 4 t)? of the operator L;(0).



( M. A. Naimark, Linear Differential Operators, Frederick
Ungar Pobl. Co. New York, 1967.)

We prove that the eigenvalues A ; of Li(Q) lie in the
O (%) neighborhoods of the eigenvalues of the oper-

1
ator Li(C'), where C' = [ Q (x) dz. For this we consider
0

L(Q) as perturbation of Li(C') by Q(x) — C'. It means
that we take the operator L:(C') for an unperturbed op-
erator and Q(x) — C for a perturbation.

Note that to obtain the asymptotic formulas of order
O(%) for the eigenvalues Ay ; of L(Q), by using the
classical asymptotic expansions for the solutions of the
matrix equation

/!
—Y +Q(x)Y =Y,
it is required that Q(x) be differentiable.
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The suggested method in this paper gives the possibility
of obtaining the asymptotic formulas of order O(k~1 In |k|)
for the eigenvalues Ay ; and the normalized eigenfunc-
tions Wy, ;(x) of Li(Q) when the entries b; ;(z) of Q(x)
belong to L1[0, 1]. Using these asymptotic formulas we
prove that if the eigenvalues of the matrix C are sim-
ple, then the root functions of the operator L(Q) for
t # 0,7 form a Riesz basis.

Theorem 1 The boundary conditions (2) are regular and
the eigenvalues of the operator L (Q) fort # 0,7 con-
sist of m sequences Ay, ; (t) (j=1,2,...,m)satis fying

A i (1) = 27k + )% + O (kl—%> , (3)

where k = £ N, &= (N +1),..., and N > 1.



The formula (3) shows that the eigenvalue Ay ; of the
operator Li(Q) is close to the eigenvalue (2km + ¢)° of
the operator L;(0). Moreover, for t # 0,7, the eigen-
value Ay, ; is far from the other eigenvalues (2nm + t)?
where n # k, of L¢(0). Clearly,

(ei(27rn—|—t):c \ ( 0
0 ct(2mn+t)z
Pn,1 = : » Pn,2 =

.o Lo
/9\

RS SOn,m T O
\ ct(2mntt)z )

are the eigenfunctions of the operator L(0) correspond-
ing to the eigenvalue (2mn —|—t)2. The multiplicity of
(2mn + t)2, for t # 0,7, is m and the corresponding

eigenspace is by = span {¢n71,¢n72, ...,gpmm}. The
adjoint operator to L; (Q) is L (Q*), where Q* (x) is



the adjoint matrix to @ (). Since the boundary con-
ditions (2) are self-adjoint, the operator L+ (Q) is self-
adjoint if Q(x) is a symmetric matrix. Hence

Li(0) = L(0).

Now to analyze the operator L(C') we introduce the fol-
lowing notations. Suppose the matrix C' has p distinct
eigenvalues piq, tp, ..., iy with multiplicities my, mo, ..., mp
respectively, where m; + mo + ... + mp = m. Let
Uj 1, Wj2, - Ujs, be the eigenvectors corresponding to
the eigenvalue ;. Denote by u; s 1, uj s 2, o Ujs s —1
the associated vectors belonging to the eigenvector u; s.
Note that r; 4 is called the multiplicity of the eigenfunc-
tion u; s and

Tj1 + T2 + ...+ Tj,sj = m;. (4)

The number r; defined by r; = maxs r; s is a maximum
multiplicity of the eigenfunctions corresponding to the
eigenvalue p;.



It is not hard to see that uj78e'i(277k+t)3’j fors=1,2,...,
are the eigenfunctions of L(C') corresponding to the eigen-
value py, ; = (27k + t)2—|—,uj. Moreover, ujjs,re’i(hkﬂ)ﬂ?
forr = 1,2, ..., are the associated functions of L(C') be-

longing to the eigenfunction ujjse'i(%k“)m.

Here, for notational convenience, the eigenvalues of C,
counted with multiplicity, are indexed as 1, to, -y oy,
Any normalized eigenvector corresponding to the eigen-
value i is denoted by v;. The associated vectors belong-
ing to the eigenvector v; are denoted by v;1,v;0,... .
In these notations the eigenvalues, eigenfunctions, asso-
ciated functions of L;(C) are

i = 2k +1)% + pj,
cb/{,j(x) _ ,Ujez'(27rk—|—t)ac, q)k,j,s(x) _ ,Uj,sez'(27rk—|—t)ac

respectively. Similarly, the eigenvalues, eigenfunctions,

and associated functions of L3 (C) are fiy, 5,



_ (2mk+-1 _ (2mk+4-1
¢Z,j($) — p*el2Th )T 5nd ¢,’27j78(az) = v}F’SeZ( mhtt)e

J
- where v;-‘ and v}'-‘s are the eigenvector and associated
vector of C™ corresponding to ;. By definition
(L*(C) — k)@, i(x) = 0, (5)

(L*(C) _ Nl{,j)q);z,j,s(x) — q);z,j,s—l(x)a (6)
where <D]";’j70(a:) = d),’z’j(a:). Multiplying both sides of
L(Q)Vyi j(x) = A Vi () (7)
by <D;’;,j(a:), using L(Q) = L(C)+(Q —C') and (5), we
get
(Ak,j = b, ) (Wi (), D ()
= ((Qz) — O)Vy, (), ¥y, (). (8)
Now multiplying (7) by d),’;’j’l(:c) and using (6), (8), we

obtain

Mk — 1) (Vg (), ¢y i1(x))
= ((Qz) — C)Wy j(x), ®r i(z))+

(ki — bk, ) ((Qz) — CYWy (), P i 1(x)). (9)



In this way one can deduce the formulas

(Mg — 1k ) TH (W (), D% (2)) = (10)
> (O — 1 ))P((Qz) — CYWy (), D ().
p=0

To obtain the asymptotic formulas we estimate the terms

((Q(z) — C)Wy (), P, ; (),
(Wi, (), P j s(2)).

Lemma 2 /ft #£ 0, m, then
In | k|

(Wi,j(2), (Q* (2) — C)®}; () = O(—),

wheret1 =1,2,....mandp=20,1,2, ....

Lemma 3 For each eigenfunction Wy, ;(x) of Ly(Q), where
|k| > N, there exists a root function ®3 . (x) of Lt(C*)
satisfying

1

2m

(Wi (@), ¥1.(2)| >



Theorem 4 Ift £ 0, m, then:

(a) All large eigenvalues of Ly (Q) lie in O((In |k') 7)
neighborhood of the eigenvalues py, ; = (2mk + t)2+ 1
of Li(C), wherek € Z, j = 1,2, ..., m, the numberr; is
a maximum multiplicity of the eigenfunctions correspond-
ing to the eigenvalue p; and r; =1 if the matrix C' has
no associated vector corresponding to the eigenvalue pi;.

(b) Let p1; be a simple eigenvalue of the matrix C and
Ak,; be an eigenvalue of Ly (Q) lying in aj neighbor-
hood of uy ; = (2mk + t)% + i, where

aj = min; ;| p; —p; | . Then Ay ; is the simple eigen-
value of Ly (Q). Moreover, A\, ; and the corresponding
eigenfunction Wy, ;(x) satisfy

In |k|

Neji(t) = (2mk 4+ )2+ i + O(), (1)

Wy () = el | 0('” By



where v; is the eigenvector of C corresponding to the
eigenvalue 1.

(c) Suppose that all eigenvalues 1, o, ..., p,, of C' are
simple. Then there exists a number N such that the all
eigenvalues Ap 1, A\ 2,.... A\ of Lt (Q) for | k [> N
are simple and satisfy the asymptotic formula (11). The
eigenfunction Wy, ;(x) of L(Q) satisfies (12). The root
functions of L (Q)) form a Riesz basis in L5*(0, 1).



